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SECTION  1 


INTRODUCTION 


1 .1  Simulation  Extensions 

■nie  <*jective  of  this  project  is  to  identify  and  quantify  those 
generic  mission,  scenario  and  sensor  parameters  (as  well  aa  their  inter¬ 
actions)  which  drive  the  performance  of  space-based  staring  IR  surveillance 
systems.  These  efforts  have  been  divided  into  two  broad  tasks:  Simulation 
Enhancements,  and  Simulation  Applications. 

Work  in  the  Simulation  Enhancements  area  is  directed  toward  general¬ 
izing  those  models  in  the  Draper  Integrated  Simulations  (DIS)  «rhich  are  too 
limited  in  scope  or  perhaps  restricted  to  one  particular  system.  During 
the  current  reporting  period  these  efforts  have  been  concentrated  in  three 
areas:  continuation  of  the  Generic  Scene  simulation  Development;  Signal 
Processor  Simulation  enhancements;  and  Integrated  Large  Space  Structures 
Simulation  (ILS^)  enhancements. 

The  Simulation  Applications  effort  studies  issues  related  to  generic 
surveillance  system  performance  drivers  using  tools  from  the  Simulation 
Enhancement  effort.  During  the  current  reporting  period  this  effort  has 
focussed  on  simulation  and  evaluation  of  algorithms  for  llne-of -sight 
jitter  reduction  in  staring  mosaic  sensors. 

1 .2  Generic  Requirements  for  the  ROFT  Program 

'Rie  development  of  space-based  infrared  surveillance  systems  emd 

space-based  lasers  is  subordinated  primarily  to  the  availability  of  very 
large,  high  precision  optics.  Current  technology  emd  existing  facilities 
cannot  produce  in  a  timely  fashion,  hi^  performance  mirrors,  both  in  qual¬ 
ity  and  quantity,  to  respond  to  the  needs  of  the  systems  envisioned.  The 
Rapid  Optics  Fabrication  Technology  (ROFT)  Program  will  attempt  to  discover 
and  develop  technologies  which  urill  significantly  decrease  the  time  it 
takes  to  produce  optics. 


The  objective  of  this  study  reported  In  Section  3,  Is  to  provide 
broad  requirements  and  constraints  for  the  mechanical  and  thermal  proper¬ 
ties  of  materials  envisioned  for  the  design  and  rapid  fabrication  of  large 
space  mirrors.  By  Inspecting  the  constitutive  equations  relating  mirror 
deformations  to  Input  disturbances,  the  relative  Importance  of  material 
parameters  Is  Identified.  It  Is  also  recognized  that  the  requirements  on 
mirror  material  properties  can  vary  widely  depending  on  the  space  applica¬ 
tions.  Surveillance  systems,  operating  at  cryogenic  temperatures  Impose 
different  demands  on  materials  than  do  the  laser  systems  for  «dilch  tiie 
operational  temperature  la  eiq>ected  to  vary  between  300*  K  and  400*  K. 
Dynamic  environments  exhibit  significant  differences  as  well,  and  this 
difference  may  Impact  the  choice  of  other  properties  required  of  the  mirror 
materials. 

It  must  be  emphasized  that  this  study  does  not  ^esuppose  a  specific 
mirror  concept  with  defined  structural  and  configurational  characteris¬ 
tics.  While  this  approach  Is  Intentional  for  the  findings  to  remain  gen¬ 
eral,  It  limits  our  ability  to  obtain  specific  requirements  for  the  contem¬ 
plated  mirror  materials.  Furthermore  the  effectiveness  of  possible  con¬ 
trols  (whether  thermal  or  mechanical).  In  terms  of  relieving  demands  on 
material  properties  can  only  be  evaluated  In  the  context  of  a  defined  mir¬ 
ror  concept.  As  a  result  only  estimates  <x)  mirror  material  requirements 
can  be  provided  and  they  have  been  derived  from  simplified  analytical  ex¬ 
pressions  and  engineering  experience  In  the  design,  modelling  and  analyses 
of  space  mirrors. 

For  a  large  number  of  existing  and  potential  materials,  that  Include 
metals,  composltqs  and  ceramics,  all  relevant  properties  have  been  tabu¬ 
lated  for  two  extreme  operational  temperatures  (150*  K  and  350*  K).  The 
plots  relating  Important  material  parameters  can  be  useful  In  delineating 
domains  of  acceptability  for  a  potential  new  material.  The  proposed  mate¬ 
rial  requirements  can  be  viewed  as  somewhat  flexible  so  as  to  permit  trade¬ 
offs  between  properties  for  a  particular  design  concept.  Past  experience 
has  shown  that  the  most  likely  candidate  for  su^  a  mirror  will  probably  be 
a  thin  face-sheet  m  actuators  supported  by  a  thermally  stable  substrate. 
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However,  it  is  hoped  that  dramatic  changes  and/or  improvements  in  some 
thermal  properties,  especially,  might  le^ld  to  completely  novel  concepts 
that  ultimately  could  be  produced  at  the  desired  rapid  rate. 

It  should  be  remembered  that  the  abjective  of  the  ROFT  program  is 
the  rapid  fabrication  of  high  precision  large  space  optics.  The  results  of 
this  study  can  only  support  this  attempt  by  ^oviding  guidelines  to  the 
designer  and  fabrication  engineer  %>ho  selects  possible  materials.  The  gen¬ 
eric  specifications  of  mirror  materials,  therefore,  can  be  viewed  as  con¬ 
straints  to  the  selection  of  a  material  amenable  to  rapid  fabrication  pro¬ 
cesses.  Many  other  issues  related  to  optical  and  perhaps  electrical  mate¬ 
rial  properties  need  to  be  considered.  Finally  the  fabrication  process 
could  be  adversely  affected  by  some  mechanical  and  thermal  properties  of  a 


material  that  is  otherwise  acceptable  in  the  final  product. 


Active  Control  of  Space  Structures 


Space-based  passive  optical  surveillance  systems  require  a  capabil¬ 
ity  for  active  control  to  achieve  precision  attitude  regulation  and  rapid 
reorientation  in  spite  of  structural  vibrations  induced  by  actuators  or  by 
distu'..bances.  Because  of  the  inherent  limitations  on  the  achievable  accu¬ 
racy  in  modeling  complex  Interconnected  structures,  a  capability  for  system 
parameter  identification  is  required  in  order  to  attain  specified  control 
system  performance.  In  the  present  report,  contributions  toward  the  under¬ 
standing  of  vibration  control  using  both  analog  and  digital  models  are 
made,  and  techniques  for  system  identification  in  both  finite-dimensional 
and  infinite-dimensional  systems  are  developed.  A  detailed  overview  of 
results  to  be  presented  is  given  in  Section  4.  Large-angle  slew  results 
are  not  included. 
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A  continued  presentation  of  results  relating  to  systematic  examina¬ 
tion  of  the  process  for  synthesis  of  active  controllers  in  a  wideband  dis¬ 
turbance  environment  is  given  in  Section  5.  The  emphasis  is  upon  evaluat¬ 
ing  the  comparative  efficacy  of  active  transducer  configurations  in  achiev¬ 
ing  specified  regulation  with  the  ACOSS  Model  Ho.  2  structural  model.  Ro¬ 
tational  actuators  emerge  as  particularly  attractive  because  the  number  of 
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actuators  required  to  achieve  acceptable  performance  Is  relatively  small. 
Sampled-data  analysis  of  flexible  structures  using  second-order  dynamic 
models  and  focused  on  developing  closed-loop  stability  criteria  Is  given  In 
Section  6.'  Bj^llclt  stablll^  guarantees  are  obtained  using  dynamic  com¬ 
pensation  approaches  of  practical  Interest  which  do  not  require  full  state 
estimation.  A  signal  processing  algorithm  appropriate  for  In-f light  param¬ 
eter  estimation  with  flnlte-dlmenslonal  structural  models  Is  developed  In 
Section  7.  The  approach  la  especially  tailored  to  be  capable  of  the  high 
resolution  needed  for  structures  with  clustered  frequencies  and  small  damp¬ 
ing.  Finally,  a  spline-based  approach  to  parameter  estimation  with 
Inflnlte-dlmenslonal  structural  models  is  developed  and  successfully  ap¬ 
plied  to  a  beam  example  In  Section  8 .  The  latter  result  derives  signifi¬ 
cance  from  the  fact  ^at  there  Is  growing  practical  interest  In  distributed 
parameter  Identification  because  of  current  hardware  experiments  on  distri¬ 
buted  sensing  ^uld  actuation. 


SECTION  2 


SIMULATION  EITTENSIONS 


2.1  Generic  Scene  Simulation  (GENESSIS) 

2.1.1  Background 

In  support  of  the  Draper  Integrated  Simulations  Extensions  effort, 
Photon  Research  Associates  (PRA)  has  developed  (under  subcontract  to  CSDL) 
a  computer  code  capable  of  generating  and  manipulating  terrestrial  scenes 
as  a  function  of  major  surveillance  system  and  mission  parameters.  This 
code  (called  GENESSIS)  has  the  capability  to  interface  with  the  Defense 
Mapping  Agency  (DMA)  data  base  of  terrestrial  scenes  as  the  source  of  scene 
input  data.  Consequently,  the  code  is  able  to  simulate  any  scene  for  which 
DMA  data  exists. 

Because  it  was  desirable  to  have  a  functioning  code  as  soon  as 
possible,  the  code  was  developed  in  two  phases  (each  phase  spanning  approx¬ 
imately  one  calendar  year).  The  first  phase  provided  a  functional  synthe¬ 
tic  scene  simulation  computer  code^^^  with  some  limitations.  In  particu¬ 
lar,  some  of  the  higher-order  phenomena  controlling  scene  radiance  (e.g., 
cloud  shadowing)  were  neglected,  some  of  the  phenomenological  treatments 
utilized  simplifying  approximations,  and  the  input  data  base  was  limited  to 
five  terrestrial  scenes  and  two  cloud  representations.  A  number  of  these 
restrictions  were  eliminated  during  the  subsequent  phase. 

The  following  paragraphs  present  the  status  of  the  GENESSIS  code  at 
the  end  of  the  final  phase.  Additions  and  modifications  of  GENESSIS  I  are 
summarized,  which  upgrade  it  to  GENESSIS  II. 

2.1.2  GENESSIS  II  Overview 

The  GENESSIS  II  effort  consisted  of  performing  the  following  tasks: 


1 )  Development  of  geometric  representations  of  three  cloud  patterns 
(scenes),  each  for  a  different  cloud  type. 


2)  Development  of  software  which  assigns  surface  level  temperature 
and  wind  speeds  eis  continuously  variable  qtiantities  interpolated 
from  user-specified  values  at  selected  locations. 

3)  Modification  of  the  bi -cubic  spline  interpolation  routine  to 
eliminate  edge  artifacts  caused  by  abrupt  altitude  changes. 
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Task  3  was  a  redirected  effort  and  also  included  the  generation  of  addi¬ 
tional  software  documentation  and  support  to  CSDL  in  the  use  of  GEMESSIS 
1.  The  program  deliverables  included  the  following: 


1 )  Mew  software  to  generate  and  utilize  spatially  variable  surface 
level  temperatures  and  vdLnd  speeds. 


2)  Three  additional  cloud  scenes  (stratus,  altocumulus  and  cirrus), 

3)  New  and  modified  software  to  eliminate  edge  artifacts  produced 
by  the  bi-cubic  spline  interpolation  routine. 


4)  Additional  Atmospheric,  Geometric,  and  Radiance  Module  software 
documentation . 

2.1.3  New  Software 

New  software  consists  of  two  parts:  an  off-line  fitting/smoothing 
routine  which  generates  temperature  and  wind  speed  arrays  from  user  sup¬ 
plied  data;  and  interpolation  software  internal  to  GENESSIS  which  utilizes 
the  off-line  produced  data  to  supply  point-by-point  wind  speed  and  tempera¬ 
ture  values  to  the  Radiance  Module. 


2. 1.3.1  The  Surface  Level  Parameter  Generation  Program 


SPGMER  creates  an  M^m  matrix  of  temperature  or  wind  speed  values 
from  a  set  of  user  specified  data.  This  array  maps  onto  the  scene,  thereby 
allowing  the  user  to  supply  the  Radiance  Module  with  spatially  varying  wind 
speed  and  air  temperatures. 
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In  general,  ground  txuth  data  or  user  selected  values  of  wind  speed 
and  air  temperature  will  be  available  at  only  a  few  specific  points  for  a 
given  scene.  SPGHER  produces  a  smoothly  varying  array  of  values  from  these 
kno%m  points  using  the  iterative  numerical  technique  of  successive  over¬ 
relaxation.  Input  values  ^u:e  not  altered  by  the  routine. 

An  example  of  SPGMER  usage  is  shown  in  Figure  2-1 .  The  array  ele¬ 
ments  1-5  represent  a  minimum  set  of  user  specified  inputs  of  air  tempera¬ 
ture  or  wind  speed.  The  boundary  (points  1-4)  and  at  least  one  Internal 
point  must  always  be  specified.  As  many  additional  points  as  desired  may 
be  included.  Elements  are  referenced  by  their  row,  column  position,  e.g., 
point  5  is  element  (3,4).  Surface  parameter  arrays  may  be  2uny  dimension 
(square  or  rectangular)  up  to  128  x  128  that  maps  conveniently  onto  the 
scene,  but  both  the  wind  speed  and  air  temperature  ^u:rays  must  have  the 
same  dimensions. 


Figure  2-1 .  Example  of  inputs  to  subroutine  SPGMER. 

2. 1 .3. 1 . 1  Inputs 

Card  numbers  refer  to  sample  input  list  shown  in  Table  2-1 . 
Card  1)  NOOL,  MRON,  DESK  (216,  2X,  1A4) 


NOOL  -  The  number  of  columns  in  the  surface  parameter 
output  array. 

NRQW  -  The  number  of  rows  in  the  surface  parameter  output 
array. 

DBSW  -  Debug  switch.  If  equal  to  1  an  ASCII  echo  of  a 

portion  of  the  surface  parameter  array  is  produced. 
If  equal  to  0  no  ASCII  echo  of  the  surface  parameter 
array  is  made. 


SPGNER  reads  and  processes  the  boundaries,  then  reads  and  processes 
the  interior  points.  The  boundary  edges  are  input  and  processed  in  the 
following  order:  top,  bottom,  left,  right. 


Table  2-1.  Sample  SPGNER  input  list.  Values  are  air  temperatures. 


64 

64 

1 

S) 

1. 

%• 

a> 

1 

284.  0 

4) 

16 

288.  0 

5) 

32 

283.0 

6) 

48 

283.0 

7) 

64 

283.  0 

8) 

9 

9) 

1 

284.  0 

10) 

16 

288.  0 

11) 

32 

283  0 

12) 

43 

283  0 

13) 

64 

283.  0 

14) 

V 

19) 

i 

284  0 

16) 

64 

284.0 

17) 

2 

18) 

1 

283.  0 

19) 

64 

283.  0 

20) 

6 

21) 

16 

48 

300.  0 

22) 

32 

48 

300.  0 

23) 

63 

48 

300.  0 

24) 

16 

32 

300.  0 

29) 

32 

32 

300.  0 

26) 

63 

32 

300.  0 
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Card  2)  MPTS  (16) 


NPTS  -  The  number  of  top  edge  boundary  values  to  be  read. 

Cards  3*7)  TEMP,  ARRAY2(X)  (Z  -  1,  NPTS) 

TEMP  -  Column  location  of  input  value  along  top  edge 
counted  left  to  right. 

ARRAY2(I)  -  value  (temperature  or  wind  speed)  to  be 
assigned  to  surface  parameter  array. 

Card  8)  NPTS  (16) 

NPTS  -  The  number  of  bottom  edge  boundary  values  to  be 
read. 

Cards  9-13)  TEMP,  ARRAY2(I)  (I  =  1,  NPTS)  (16,  P10.2) 

TEMP  -  Column  location  of  input  value  along  bottom  edge 
counted  left  to  right. 

ARRAY2(I)  -  Value  (temperature  or  wind  speed)  to  be 
assigned  to  surface  parameter  array. 

Card  14)  MPTS  (16) 

NPTS  -  The  number  of  left  edge  boundary  values  to  be  read. 

Cards  15-16)  TEMP,  ARRAY2(I)  (1*1,  NPTS)  (16,  F10.2) 

TEMP  -  The  row  location  of  the  input  value  along  the  left 
edge  counted  top  to  bottom. 

ARRAY2(I)  -  Value  (temperature  or  wind  speed)  to  be 
assigned  to  surface  parameter  array. 

Card  17)  NPTS  (16) 

NPTS  -  The  number  of  right  edge  boundary  values  to  be  read 

Cards  18-19)  TEMP,  ARRAY2(I)  (1*1,  NPTS)  (16,  F10.2) 

TEMP  -  The  row  location  of  the  input  value  along  the  right 
edge  counted  top  to  bottom. 

ARRAy2(I)  -  Value  (temperature  or  wind  speed)  to  be 
assigned  to  surface  parameter  array. 


Card  20)  MPTS  (16) 


NPTS  -  The  number  of  interior  values  to  be  read. 

Cards  21*26  RINDX,  CINDX,  VAL  (2X6,  F10.2) 

RINDX  -  Row  location  of  interior  point  counted  top  to 
bottom. 

CINDX  -  Column  location  of  interior  point  counted  left  to 
right. 

VAL  -  value  (temperature  or  wind  speed)  to  be  assigned  to 
surface  parameter  array. 

2. 1.3. 1.2  File  Units 


FORTRAN 

READ,  WRITE  OR 

UNIT 

READ/WRITE 

FILE 

5 

R 

User  generated  input 

list 

7 

W 

ASCII  echo  of  input, 
fac»  ■ parameter  array 
requested 

and  sur- 
if 

8 

W 

Binary  output  used  by 
Module 

'  Radiance 

2. 1.3. 2  Internal  Surface  Parameter  Interpolation  Routine 


SURFIN  interpolates  (bl-linear)  cm  the  surface  parameter  arrays 
generated  by  SPGNER.  Added  to  the  radiance  module,  it  provides  wind  speed 
and  air  temperature  values  for  each  radiance  grid  point.  Surface  parameter 
files  must  be  at  a  resolution  less  than  or  equal  to  that  of  the  scene 
file.  Both  temperature  and  wind  speed  matrices  are  held  in  core. 


SURFIM  requires  modification  of  the  DEVNUM  common  block  and  the 
additicm  of  three  new  common  blocks:  SRFCOM,  TMPCOM  and  WNOCOM. 


2. 1.3. 2.1  Additional  Radiance  Module  Inputs 


STORLT  a  1:  Air  temperatures  are  assumed  to  be  sea  level 

values  and  will  be  degraded  by  the  atmospheric 
lapse  rate. 

ICLDSC  -  A  selector  switch  with  values  0  or  1 . 

ICLDSC  >  0:  Scene  is  not  a  cloud  file.  Execution  can  be 
optimized  by  avoiding  certain  processing. 

ICLDSC  a  1.  Scene  is  a  cloud  file.  Checks  must  be  made  for 
zero  altitude  in  the  16  point  bi-cubic  local 
neighborhood.  (See  2. 1.3. 3.1) 

2. 1.3. 2. 2  Additional  File  Units 

SURFIN  requires  two  additional  FORTRAN  file  units. 


FORTRAN 

READ,  WRITE  OR 

UNIT 

READ/WRITE 

FILE 

40 

R 

Air  Temperature  binary  file 

41 

R 

Wind  speed  binary  file. 

2. 1.3. 3  Internal  Bi-cubic  Spline  Additions 

Previously,  the  solution  of  the  bi-cubic  spline  would  "ring"  at  all 
cloud  edges  where  radical  variations  in  altitude  could  be  encountered  by 
adjacent  grid  points.  Unrealistic  altitudes  were  consequently  assigned  to 
all  interpolated  grid  points  near  cloud  edges.  This  shortcoming  of  the 
software  is  corrected  by  the  subroutine  described  below. 


2. 1.3. 3.1  Subroutine  EDGER 

The  BICUBIC  and  BICNRM  routines  have  been  modified  to  detect  zero 
(non-cloud)  altitudes  present  in  the  16  point  neighborhood  used  by  the 
bi-cubic  spline  Interpolation  algorithm.  This  indicates  the  presence  of  a 
cloud  edge. 


when  a  cloud  edge  is  detected,  subroutine  EDGER  is  called.  EDGER 
performs  directional  linear  extrapolation  as  needed  to  produce  non-zero 


cloud  altitudes  at  all  locations  in  the  16  point  local  neighborhood  where 
zero  values  of  altitude  have  been  detected*  The  new  non-zero  values  are 
consistent  with  local  scene  altitude  and  slope.  These  extrapolated  values 
temporarily  replace  the  previously  zero  altitudes  during  execution  of  the 
bi -cubic  spline  algorithms. 

Since  the  local  neighborhood  no  longer  contains  adjacent  points 
having  large  variations  in  altitude,  the  solution  of  the  bi-cubic  spline 
does  not  ring.  Neither  the  shape  or  size  of  the  cloud  edge  or  the  scene 
file  is  altered  by  EDGBR. 

The  installation  of  EHIGEK  requires  the  addition  of  a  new  common 
block  ETCCXIM.  Note  that  ESGER  must  be  installed  in  both  the  Geometric  and 
Radiance  Modules. 

2. 1.3. 3. 2  additional  Geometric  Module  Inputs 

BDGER  requires  the  Inclusion  of  one  additional  parameter  to  the 
Geometric  Module  inputs  list.  Table  2-3  contains  an  example  of  the  new 
input  list.  The  card  marked  with  an  (*)  is  changed.  .Changes  are  described 
below. 

Table  2-3.  Revised  Geometric  Module  inputs  list. 

1)0000000000000000000000000000000000000000 

2tf 

3)  0.  oco  -laa  oco  39.  ooco 

4)  4  1  1003  1000.00 

9)  I*.  7*00  -130. 0900  39.  OOCO 

*>  100  100 

7)  . 003900  . 003900 

0)  4  4 

★  O)  7  1 

Card  7)  (changed)  OTRLSW,  ICLDSC  (215) 

CTRLWS  -  A  selector  switch  with  values  1-7.  CTRLSW  is  a 
GENESSIS  I  input  and  has  not  been  altered. 

ICIiOSC  -  A  selector  switch  with  values  0  or  1 .  ICLDSC  is 
a  new  input.  See  Section  2. 1.3. 2.1,  Card  9. 


Signal  Processor  Enhancements 

The  continuing  investigation  of  signal  processing  algorithms  at  the 
Charles  Stark  Draper  Laboratory  is  documented  in  this  section.  Vlhereas  the 
previously  reported  work^^l  vras  an  in-depth  description  of  signal  pro¬ 
cessing  principles  for  staring  mosaic  sensors  as  v#ell  as  CSDL's  efforts  to 
simulate  the  High  Resolution  Acguisiticm  Processor  of  Mini-HALO,  this 
effort  is  concerned  more  with  reporting  vK>rk  performed  since  the  time  of 
the  last  report  and  less  with  presenting  the  first  principles.  Some  of 
these  investigations,  such  as  studies  of  clutter  leakage  as  a  function  of 
jitter  amplitude  and  threshold  level,  have  been  documented  in  detail 
elsewhere. Other  Investigations,  such  as  studies  of  line-of -sight 
(LOS)  jitter  suppression  algorithms  are  documented  in  Section  2.4  of  this 
report. 


2.2.1  Signal  Processor  Review 

The  signal  processor  simulation  is  part  of  the  Draper  Integrated 
Simulations  (DIS).  The  DIS  is  a  sophisticated  analysis  tool  developed 
under  DARPA  support  for  overall  evaluation  2md  performance  assessment  of 
space-based  surveillance  systems.  The  DIS  jnodels  in  detail  the  mechanical, 
optical,  control,  signal  collection  wd  signal  processing  subsystems  in  a 
highly  interactive  fashion.  It  is  composed  of  a  number  of  large  data  bases 
(including  a  library  of  simulated  earth  scenes)  and  two  principal  Simula- 
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tion  packages :  the  Integrated  Large  Space  Structures  Simulation  ( ILS  )  and 
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the  Space-BaSed  Surveillance  Systems  Simulation  (SBS  ).  ILS  simulates  the 

space  platform;  it  assesses  the  geometrical  and  pointing  performance  of 

satellites  and  their  sensors  as  influenced  by  thermal,  structural,  dynamic, 

3  3 

and  control  forces.  SBS  uses  the  ILS  outputs  and  models  the  performance 
of  space-based  surveillance  systems  with  respect  to  their  intended  missions 
using  nominal  and  perturbed  values  for  the  target,  background,  optics, 
line-of -sight,  optical  filters,  focal  plane,  and  signal  processor.  Figure 
2-2  presents  a  simplified  block  dlagr^un  of  the  DIS. 


The  signal  processor  block  of  the  SBS^  shown  in  Figure  2-2  is  the 
Draper  Signal  Processor  Simulation  (DSPS),  for  which  CSDL  has  been  develop- 


Figure  2~2.  Draper  integrated  simulations  block  diagram. 


ing  models  and  simulations  for  some  time*.  The  DSPS  is  composed  of  four 
separate  processors,  as  illustrated  in  Figure  2-3. 

Reference  [6J  dealt  primarily  with  the  simulation  of  the  High  Reso¬ 
lution  Acquisition  Processor  <HRAP),  tdiich  was  the  processor  on  vAiich  the 
majority  of  investigation  had  been  concentrated.  Since  that  time,  CSDL  has 
devoted  more  effort  to  development  of  the  Low  Resolution  Acquisition  and 
Track  Processor  (LRTP),  and  these  two  simulations  have  been  combined  into 
one  software  package.  The  simulation  user  has  the  option  of  selecting  the 
HRAP  or  the  LRTP  for  processing  a  given  set  of  input  data  frames  (the  HRAP 
and  litTP  run  independently,  not  interactively).  In  addition,  there  are 
numerous  other  options  available  to  the  user,  comprising  a  menu  which  spec¬ 
ifies  the  signal  processor  configuration  for  a  given  run.  In  fact,  by  tai¬ 
loring  the  input  parameters,  the  user  can  implement  a  number  of  different 
signal  processor  configurations  which  do  not  necessarily  correspond  to 
either  the  HRAP  or  the  LRTP.  The  signal  processor  configuration  control 
parameters  are  tabulated  in  Appendix  1 . 

The  CSDL  HRAP/LRTP  simulation  is  divided  into  a  number  of  modules, 
which  generally  perform  operations  on  the  input  data  in  a  sequential  fash¬ 
ion,  frame  by  frame.  The  first  of  these  modules  is  the  differencing  mod¬ 
ule,  which  computes  the  zeroth,  first,  second,  or  third  order  differences 
(as  specified  by  the  simulation  user)  for  a  set  of  input  data  frames. 

A  difference  is  essentially  a  derivative  of  the  signal  amplitude  with  time; 
zeroth  order  corresponds  to  raw  data,  first  order  differencing  corresponds 
to  a  first  derivative,  and  so  on. 

Next  is  the  thresholding  module,  which  detects  potential  targets  by 
comparing  one  or  more  difference  frames  with  templates  (normalized  to  a 
predetermined  threshold  level)  which  reflect  the  minimum  expected  pattern 
in  the  differencing  that  a  changing  target  would  generate.  Variations  on 
this  technique  include  simple  thresholding  (which  employs  only  one  frame 


*References  5  through  7  chronicle  the  development  of  this  activity  culmina¬ 
ting  in  the  work  reported  in  Reference  3.  The  DSPS  originated  as  a  func¬ 
tional  simulation  of  the  HALO  Processor  (HSP),  but  since  has  evolved  in 
directions  Independent  of  the  HSP. 
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SIGNAL  PROCESSOR 


FUNCTION 


High  Resolution  Acquisition 
Processor  (HRAP) 

Acquire  Point-Source  Targets 

High  Resolution  Trade  Processor 

Track  Point-Source  Targets 

(HRTP) 

Acquired  by  HRAP 

Low  Resolution  Acquisition 

Acquire  and  Track  Resolved 

and  Track  Processor  (LRTP) 

Targets  (e.g.  Plumes) 

Tactical  Processor  (TACPRO ) 

Detect  Explosions  and  Other 
Tactical  Events 

Figure  2-3.  Components  of  Draper  Signal  Processor  Simulation  (DSPS). 

at  a  time).  Multi -Threshold  Detection  (or  MTD,  which  employs  a  multi -frame 
template),  and  Rationalized  Exceedance  Thresholding  (RET,  which  is  similar 
to  MTD  but  has  more  rigorous  requirements ) .  A  variety  of  thresholding 
templates  can  be  used,  depending  on  the  difference  order  employed. 

The  threshold  level  setting  module  is  called  by  the  thresholding  mod¬ 
ule  in  order  to  determine  the  signal  level  to  which  the  thresholding  tem¬ 
plates  will  be  normalized.  The  threshold  level  can  be  read  in,  computed  on 
the  basis  of  a  noise  estimate,  or  set  to  be  proportional  to  the  standard 
deviation  of  the  current  frame  of  data  or  differencing.  The  threshold 
level  can  be  periodically  reset  by  a  Constant  False  Alarm  Rate  (CFAR)  loop. 

Clustering  and  centroiding  follow  threshold  level  setting  and  thres¬ 
holding.  The  clustering  module  selects  groups  of  thresholded  hits  for  cen¬ 
troiding.  The  centroiding  module  computes  the  moment  of  each  group  of 
hits.  There  are  several  options  for  the  amplitude  basis  for  clustering  and 
centroiding,  or,  if  the  user  chooses,  these  modules  can  be  bypassed 
altogether. 


The  output  of  the  centroidlng  module  is  fed  to  the  acquisition  module. 
The  acquisition  module  can  employ  the  two  tier  algorithm  or  the  one  tier 
algorithm  for  high  resolution  or  low  resolution  targets,  respectively.  The 
acquisition  algorithms  form  tracks  by  associating  any  set  of  sequential  and 
contiguous  hits  into  a  track.  There  are  flexible  criteria  for  determining 
when  a  track  has  a  sufficient  number  of  data  points  to  be  considered 
acquired . 


Tracks  which  are  generated  by  the  two  tier  acquisition  algorithm  are 
handed  over  to  the  least  squares  line  fitting  module  or  the  correlation 
coefficient  module.  These  modules  eliminate  false  tracks  by  rejecting  any 
tracks  which  have  1 )  points  at  a  greater  than  acceptable  distance  from  the 
track's  least  squares  generated  line,  or  2)  a  correlation  coefficient  less 
than  some  minimum  allowable  limit. 


Figure  2-4  illustrates  the  collection  of  modules  which  comprise  the 
CSDL  HRAP/LRTP  simulation.  A  number  of  these  modules  have  recently  been 
created,  enhanced,  and/or  exercised,  as  discussed  in  the  following 
sections . 

2.2.2  Spatial  Pixel  Integration 


Certain  types  of  targets  appear  on  the  focal  plane  as  resolved 
images  (e.g.,  plumes)  rather  than  point  sources.  A  plume  may  spread  over 
multiple  pixels,  whereas  the  objective  of  the  processor  is  to  localize  tar 
get  positions  to  a  single  point.  One  method  of  accomplishing  this  locali¬ 
zation  is  centroidlng,  i.e.,  computing  the  center  of  gravity  (eg),  of  a 
contiguous  clump  of  hits,  assuming  in  the  process  that  the  clump  is  a  sin¬ 
gle  target,  rather  than  multiple  contiguous  targets.  This  approach  works 
well  in  the  case  of  point  source  targets,  vdiich  may  cover  only  a  few  con¬ 
tiguous  pixels  due  to  jitter  and  optics  induced  spreading.  However,  ob¬ 
jects  such  as  plumes  may  cover  many  more  pixels.  The  WTP,  which  deals 
with  this  class  of  targets,  responds  to  this  situation  by  providing  the 
cation  of  spatially  integrating  the  pixels  so  that  each  n  *  n  block  of 
pixels  is  treated  as  a  single  pixel.  The  dimension  n  is  a  user  input  and 
the  outputs  of  the  pixels  in  the  block  are  summed  so  that  the  whole  block 
can  be  thought  of  as  a  single  low  resolution  pixel. 
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Figure  2-5  illustrates  the  effect  of  spatial  integration,  beginning 
with  a  48  X  48  input  data  frame  and  deriving  the  corresponding  24  x  24  and 
12  X  12  low  resolution  data  frames.  The  2Ussolute  values  of  the  pixel  out¬ 
puts  in  all  three  frames  are  scaled  from  one  to  nine  for  purposes  of  graph¬ 
ical  output.  In  performing  spatial  Integration,  the  user  can  specify  any 
size  of  low  resolution  pixel  and  any  subset  of  the  high  resolution  input 
data  frames  as  the  low  resolution  field  of  view. 

Figure  2-6  compares  the  target  acquisition  process  for  the  three 
cases  presented  in  Figure  2-5.  The  acquisition  algorithm  used  in  all  three 
cases  was  the  one  tier  low  resolution  acquisition  algorithm  described  in 
the  next  section.  The  system  track  threshold  level  reduction  factor  was 
0.5  for  all  three  cases  and  the  threshold  levels  of  3,  9,  and  27  %«ere 
chosen  as  approximately  the  lowest  thresholds  for  which  there  was  no  sig¬ 
nificant  clutter  leakage.  Both  of  these  figures  illustrate  a  number  of 
Important  points.  In  Figure  2-5,  the  majority  of  the  target's  energy  falls 
in  row  41 ,  column  44  of  the  48  x  48  high  resolution  input  frame ,  row  21 , 
column  22  of  the  24  x  24  low  resolution  frame,  and  row  11,  column  11  of  the 
12  X.12  low  resolution  frame.  It  can  be  seen  that  as  spatial  integration 
increases,  so  does  the  dilution  of  the  target  signal,  and  hence  the  signal- 
to-noise  (S/N)  ratio  decreases.  Figure  2-6  shows  how  the  loss  in  resolu¬ 
tion  makes  target  motion  less  apparent.  Also,  note  that  in  the  high  reso¬ 
lution  case  in  Figure  2-6,  the  48  x  43  processor  configuration  detects  two 
targets,  an  artifact  of  the  target's  spreading  over  a  number  of  pixels  as 
the  plume  grows  larger. 

In  summary,  the  performance  of  a  given  processor  is  critically  link¬ 
ed  to  the  degree  of  spatial  integration  invoked.  If  the  spatial  integra¬ 
tion  is  too  coarse,  the  processor  must  deal  with  a  lower  S/N  ratio,  loss  of 
resolution,  and  the  resulting  problem  of  the  target's  motion  being  less 
apparent.  In  addition,  the  threshold  level  must  be  increased  as  pixel  size 
Increases.  While  less  coarse  spatial  integration  ameliorates  these  prob¬ 
lems,  it  can  introduce  its  own  difficulties:  it  may  require  more  process¬ 
ing  than  the  hardware  can  handle,  and  it  renders  the  processor  more  sensi¬ 
tive  to  jitter  and  the  associated  clutter  leakage.  In  addition,  too  small 
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a  pixel  size  causes  the  processor  to  suffer  confusion  from  the  multiple 
targets  it  detects  due  to  a  single  target  covering  multiple  pixels,  as 
illustrated  by  the  example  in  Figure  2-6. 


A  future  area  of  investigation  will  be  the  dynamics  of  spatial  inte¬ 
gration:  how  it  effects  various  aspects  of  processor  performance  as  a 
function  of  processor  configuration  and  scene/target  characteristics,  and 
how  to  choose  em  optimal  low  resolution  pixel  size.  Another  subject  mer¬ 
iting  investigation  is  the  interaction  of  spatial  integration  with  thresh¬ 
old  level  and  system  trade  threshold  level  reduction  factor. 

2.2.3  Track  Acquisition 

In  the  HRAP/LBTP  simulation,  input  frames  of  raw  data  aure  subjected 
in  sequence  to  a  series  of  operations:  differencing  (which  reduces  Np 
frames  of  data  to  Hp  -  Oq  frames  of  difference,  where  Oq  is  the  diff¬ 
erence  order);  thresholding  (which  in  turn  produces  Np  -  2  x  Oq  fraunes 
of  threshold  hits);  and  clustering  and  centroiding  (which  again  produce 
Np  -  2  X  Oq  frames  of  centroids).  The  final  product  of  these  processes 
is  a  set  of  frames  which  contain  the  target(s)  as  well  as  numerous  extrane¬ 
ous  hits  caused  by  system  and  scene  noise,  clutter  leakage,  etc. 

The  next  phase  of  processing  is  track  acquisition.  The  HRAP  and 
LRTP  use  somewhat  different  acquisition  algorithms  because  of  the  differing 
behavior  of  high  resolution  and  low  resolution  targets. 

2.2.3. 1  High  Resolution  Acquisition  Review:  Two  Tier  Algorithm 

In  the  case  of  high  resolution  targets,  the  centroided  target  hits 
are  unique  with  respect  to  the  other  hits,  because  the  target  moves  from 
one  pixel  to  an  adjacent  pixel  in  each  frame  (assuming  reasonably  good  vel¬ 
ocity  match).  Neglecting  structured  clutter  leakage  (such  as  an  entire 
cloud  edge  that  "lights  up"  as  a  line  of  hits),  and  assuming  a  reasonable 
number  of  noise  hits,  it  is  unlikely  that  many  of  the  noise  hits  would  ex¬ 
hibit  the  same  sort  of  apparent  regular  motion.  Therefore',  the  liigh  res¬ 
olution  acquisition  strategy  is  to  search  for  hits  that  form  tracks  by 
moving  from  one  pixel  to  the  next  in  each  frame. 


CURRENT  DATA/OXFFERENCE  FRAME 
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Figure  2-5a.  Scaled  high  resolution  input  data  frame  (48  x  48) . 
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2-5b.  Scaled  low  resolution  data  frame  (24 
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Figure  2-5c.  Scaled  low  resolution  data  frame  (12 


URRENT  FRAME  OF  TRACK  FILES 


1E34567S  9101112131415161718192021222324252627282930313233343556373839404142434445464748 


1  •  «  •  *  •  •  •  *1 

2  2 

3a  a  a  a  a  a  a  a  a3 

4  4 

5a  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  5 

6  6 

7a  a  a  a  a  a  a  a  a7 

8  8 

9a  a  a  a  a  a  a  a  a9 

10  . a . 10 

11  aaaaaaaaa  11 

12  12 

13  aaaaaaaaa  13 

14  14 

15  a  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  15 

16  16 

17  aaaaaaaaa  17 

18  18 

19  aaaaaaaaa  19 

20  . 20 

21  aaaaaaaaa  21 

22  22 

23  aaaaaaaaa  23 

24  24 

25  a  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  25 

26  26 

27  aaaaaaaaa  27 

28  28 

29  aaaaaaaaa  29 

30  . 30 

31  aaaaaaaaa  31 

32  32 

33  aaaaaaaaa  S3 

34  54 

35  a  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  55 

36  36 

37  aaaaaaaaa  57 

38  «  38 

59  a  a  a  a  a  a  al4a  59 

40  aaaaaaa  aaaaaaaaa  aaaaaaaaa  40 

41  a  a  a  a  a  a  a^a  41 

42  42 

43  aaaaaaaaa  43 

44  44 

45  a  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  aaa  a  a  a  45 

%6  46 

47  aaaaaaaaa  47 

48  48 


12345678  9101112131415161718192021222324252627282950313233543536573859404142434445464748 


Frames  »  19-45 
Threshold  *  3a 0 
Haflev  ■  OaS 


Average  Hits  per  Frame  =  3 
Total  System  Tracks  =  2 
Total  Acquired  Tracks  =  6 


Figure  2-6aa  High  resolution  acquired  tracks  (48  x  48) 
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2-6b.  Low  resolution  acquired  tracks  (24  x  24) 
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2-6c.  Low  resolution  acquired  tracks  (12  x  12) 


25 


6 


8 


This  is  the  initial  nondirectional  search  gate  for  a  single  unassociated 
hit.  In  the  figure,  zero  marks  the  position  of  the  initial  hit  from  the 
previous  frame.  If  no  hits  occur  in  any  of  the  eight  pixels,  the  search  is 
discontinued.  If  a  hit  does  occur  in  any  of  the  eight  pixels,  the  search 
is  continued,  and  the  direction  of  the  resultant  track  is  given  by  the 
number  of  the  pixel  (1  through  8)  in  which  the  hit  appears.  The  two  tier 
algorithm  always  chooses  a  search  gate  based  on  the  apparent  direction  of 
motion  which  is  derived  from  the  positions  of  the  last  two  observed  hits  in 
the  string.  Thus,  if  a  hit  does  occur  in  the  initial  search  gate,  then  the 
direction  of  motion  is  deduced  and  a  smaller  directional  search  gate  is 
chosen  to  be  used  in  the  next  frame  as  shown  in  Figure  2-7.  The  direc¬ 
tional  search  gates  each  cover  three  pixels  and  are  shown  (along  with  their 
method  of  choice)  in  Figure  2-8.  Notice  that  this  choice  of  directional 
search  applies  not  only  for  tracks  which  are  just  starting  but  also  for  any 
hit  string  whose  two  most  recently  recorded  hits  are  denoted  by  1  and  2. 

The  next  search  gate  is  determined  by  the  locations  of  hit  2  and  any  new 
hit  which  occurs  at  the  proper  time  in  the  directional  search  gate.  In 
this  case  hit  2  is  relabeled  hit  1  and  the  brand  new  hit  becomes  hit  2. 

This  process  uniquely  determines  which  search  gate  is  to  be  used  in  the 
next  frame. 

If  two  hits  appear  in  either  the  initial  non-directional  search  gate 
or  «my  of  the  eight  directional  search  gates,  they  are  processed  indivi¬ 
dually  as  independent  tracks.  If  either  of  these  split  tracks  records  a 
miss  in  the  frame  immediately  following  the  split,  then  that  track  is 
dropped.  This  would  effectively  handle  high  resolution  targets  that  split 
into  parts.  On  the  other  hand,  if  one  hit  appears  simultaneously  in  two 
search  gates,  the  gates  "share"  the  hit  independently.  Crossing  target 
tracks  are  handled  in  this  manner. 

A  miss  in  a  hit  string  which  is  not  yet  a  system  track  (i.e.  which 
has  not  yet  met  a  hits  out  of  N^  frames  criterion)  causes  that  string  to 

be  dropped.  However  if  the  miss  occurs  in  a  system  track,'  the  second  tier 
search  gates  are  invoked.  Just  as  there  are  two  basic  first  tier  direc¬ 
tional  search  gate  types  which  have  four  possible  orientations,  there  are 


1  and  2  indicates 
the  last  tvK>  hits 


Direction  1 :  if  i  <  n  and  j  <  m,  gate  is 
Movement:  diagonally  up  to  left. 


Direction  2:  If  i  <  n  and  j  s  m,  gate  is 
Movement;  vertically  up 


2 

1 


Direction  3:  If  i  <  n  and  j  >  m,  gate  is 
Movement:  diagonally  up  to  right 


Direction  4:  If  i  =  n  and  j  <  m,  gate  is 
Movement:  horizontally  to  left 


Direction  S:  If  i  >=  n  and  j  >  m,  gate  is 
Movement:  horizontally  to  right 


Direction  6:  If  i  >  n  and  j  <  m,  gate  is 
Movement:  diagonally  dovm  to  left 


1 

Direction  7:  If  i  >  n  and  j  >  m,  gate  is  2 


Movement:  diagonally  down  to  right 


Figure  2-8.  Directional  search  gates.  Hit  #1  is  in  row  n 
Hit  #  is  in  row  i ,  column  j . 


,  column  m. 


also  two  basic  second  tier  search  gates  vAiich  can  have  the  same  four  orienta¬ 
tions.  The  two  second  tier  search  gates,  which  are  simply  the  first  tier  gates 
augmented  by  five  more  pixels  in  locations  where  a  target  can  be  expected  to 
appear,  are  shown  in  Figure  2-9. 


Growing  Corner 
Gate 


Growing  Edge 
Gate 


Figure  2-9.  Growing  gate  size  after  miss  (second  tier). 

If  a  second  tier  search  fails  to  find  a  hit,  then  the  track  is  dropped. 
However  if  there  is  a  hit  within  the  second  tier  search  gate,  then  the  hit 
search  is  resumed  using  the  first  tier  gates.  As  with  the  first  tier,  the  new 
direction  is  derived  from  the  two  most  recently  observed  track  hits.  If  there 
is  no  change  in  row  or  column  between  the  next-to-last  hit  and  the  last  hit 
found  in  the  second  tier,  then  the  motion  is  determined  to  be  horizontal  or 
vertical,  respectively.  If  there  is  a  change  in  both  row  and  column,  however, 
then  the  track  direction  is  determined  to  be  diagonal.  Also,  as  with  the  first 
tier,  multiple  hits  are  processed  independently  and  are  subject  to  track  drop 
if  a  miss  immediately  follows  the  split. 


An  example  of  the  two  tier  algorithm  being  used  for'  acquisition  is  shown 
in  Figure  2-10.  Notice  that  the  maximum  change  in  direction  from  one  frame  to 
the  next  allowed  by  the  two  tier  algorithm  is  45*. 


Figure  2-10.  Example  of  two- tier  gates 


2. 2. 3. 2  M  out  of  N  Criterion 

Once  a  hit  string  has  recorded  hits  in  frames  of  existence,  it 
is  promoted  to  a  system  track.  At  this  point  in  time  the  information  re¬ 
garding  the  system  track's  direction  of  motion  can  be  used  to  increase  the 
probability  of  successfully  acquiring  it.  This  is  done  by  reducing  the 
threshold  level  in  only  those  pixels  which  are  part  of  the  next  search  gate 
for  that  system  track.  For  example,  the  processor  could  cut  the  threshold 
level  in  half  in  the  pixels  which  are  part  of  the  next  search  gate  for  any 
system  track  before  thresholding,  clustering,  and  centroiding  can  produce 
the  next  frame  to  be  input  to  the  two  tier  algorithm. 

As  Figure  2-10  illustrates,  the  two  tier  algorithm  cw  follow  a  tar¬ 
get  indefinitely  assuming  that  two  consecutive  misses  never  occur.  Even¬ 
tually  hovrever  the  target  is  classified  as  an  acquired  track,  and  is  passed 
to  the  High  Resolution  Track  Processor  (HBTP).  This  occurs  When  the  HRAP 
has  recorded  M2  hits  for  a  target  track  which  has  been  in  existence  for  the 
previous  N2  frames.  After  handover  to  the  HRTP,  the  HRAP  receives  target 
position  updates  from  the  HRTP  so  that  the  target  will  not  be  acquired 
again. 

2. 2. 3. 3  Low  Resolution  Acquisition:  One  Tier  Alqorithm 


The  operation  of  the  low  resolution  acquisition  algorithm  is  similar 
to  that  of  its  high  resolution  counterpart.  However,  unlike  high  resolu¬ 
tion  targets  which  move  from  one  pixel  to  the  next  in  succeeding  frames,  a 
low  resolution  target  may  remain  in  the  same  pixel  over  a  number  of 
frames.  This  implies  that  a  different  type  of  search  gate  must  be  used  for 
acquiring  euid  tracking  low  resolution  targets.  In  fact,  the  UVTP  uses  only 
one  search  gate,  a  3  3  pixel  block  as  illustrated  below: 


2  3 
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All  nine  pixels  are  included  in  the  target  search,  and  the  gate  is  centered 
the  position  in  which  a  given  target  last  appeared.  This  gate  does  not 
change,  regardless  of  the  target's  direction  of  motion.  Nor  does  it  change 
if  a  miss  occurs  in  a  track:  there  is  no  second  tier.  The  search  gate 
allows  a  target  to  remain  motionless  by  its  very  nature. 

Just  as  in  the  high  resolution  case,  the  low  resolution  acquisition 
processor  drops  any  track  after  two  consecutive  misses  or  after  a  single 
miss  if  that  miss  was  immediately  preceded  by  a  track  split.  Also,  like 
the  HRAP,  the  LRTP  threshold  level  can  be  manipulated  when  a  track  is  pro¬ 
moted  to  system  track  status.  An  example  of  the  low  resolution  acquisition 
algorithm  has  already  been  presented:  t^ie  tracks  in  Figure  2-6a,b,c  were 
acquired  by  the  LRTP.  tftilike  the  HRAP,  the  LRTP  does  not  hand  an  acquired 
track  over  to  another  special  purpose  tracking  processor  (like  the  HRTP), 
but  rather  continues  to  track  the  target  itself  using  the  same  algorithm 
employed  in  the  acquisition  phase.  This  last  feature  of  the  LRTP  may  not 
provide  optimal  performance,  and  CSDL  is  investigating  alternatives. 

Another  alternative  CSDL  is  considering  is  the  introduction  of  modi¬ 
fied  search  gates  which  could  be  tailored  to  target  motion,  simileur  to 
those  used  by  the  HRAP.  For  example,  if  a  track  had  last  moved  diagonally 
to  the  upper  right,  then,  rather  than  employing  a  full  3^3  search  gate, 
the  following  gate  could  be  used: 


where  ”0”  marks  the  position  where  the  target  was  last  detected.  This 
method  is  based  on  the  assumption  that  a  strategic  track  cannot  change 
direction  by  more  than  90°  over  a  short  period  of  time.  Similarly  for 
vertical  or  horizontal  tracks,  another  six  pixel  gate  could  be  employed. 


In  the  case  of  a  horizontal  track  moving  to  the  right  it  Mould  look  like 
this: 


where  "0”  again  marks  the  position  of  the  most  recent  detection  of  the  tar¬ 
get.  This  eQgorithm  would  serve  a  dual  purpose.  Mot  only  would  it  limit 
target  motion  to  certain  trajectories  which  are  within  prescribed  behavior¬ 
al  bounds,  but  it  «K>uld  also  curb  the  number  of  tracks  generated  by  a 
single  target  covering  several  pixels.  Experience  has  shown  that  this  last 
problem  of  multiple  acquisitions  from  a  single  large  target  is  a  serious 
one,  particularly  when  the  threshold  level  is  dropped  for  system  tracks 
which  are  being  tracked  by  oversized  3^3  pixel  search  gates.  CSDL  has 
already  Implemented  a  system  %fhich  performs  much  the  same  function  by 
examining  the  history  of  the  directions  in  which  a  track  has  moved  and 
requiring  that  the  most  recent  direction  of  motion  be  no  more  than  90** 
different  from  2uiy  of  the  previous  directions.  This  technique  is  even  more 
restrictive  of  target  motion  than  the  six  pixel  directional  search  gate 
scheme,  and  it  is  certainly  more  complex  and  less  elegant.  Functionally, 
however,  it  effectively  curbs  cm  overabundance  of  false  tracks,  and 
prevents  the  phenomenon  of  a  legitimate  track  being  dropped  for  suffering  a 
single  miss  immediately  after  a  target  split  due  to  excessive  clutter. 

2.2.4  Simple  Thresholding 

It  became  clear  with  review  that  the  simple  thresholding  algorithm 
discussed  elsewhere had  some  flaws;  as  a  solution,  CSDL  proposed  the 
following  slightly  modified  algorithm.  Let  equal  the  threshold  level 
^nmi  contents  of  pixel  n,m  in  frame  #i  of  the  Kth  order  differ¬ 

ence.  The  conditions  for  having  a  hit  in  pixel  n,m  of  frame  #i  are  listed 
below  for  the  various  difference  orders: 


0th  order:  P  .  >  L- 
nmi  T 


positive  contrast 


1st  order: 


2nd  order: 


3rd  order: 


nmi 

p’ . 

nmi 

. 

nmi 

. 

nmi 


nmi 

P^  . 
nmi 


negative  contrast 

positive  contrast 
negative  contrast 

positive  contrast 
negative  contrast 

positive  contrast 
negative  contrast 


(2-1 ) 


IK  I 

P  .  -  Notice  the 

nmi  I  T 

reversal  of  sign  (+  for  -)  in  second  order  simple  thresholding.  The 
rationale  behind  this  change  is  that  the  idealized  second  order 
difference  pattern  is  1.  -2,  1  and  it  is  optimal  to  employ  that  element  of 
the  difference  pattern  vdth  the  maximum  magnitude,  in  this  case  the  -2 
element. 


Of  course  idealized  temporal  difference  patterns  rarely  occur  in 
reality;  factors  such  as  line-of -sight  jitter  emd  phasing  corrupt  the 
difference  patterns.  Appendix  2  examines  the  effects  of  phasing  on 
difference  patterns  in  a  number  of  examples.  Each  example  shows  raw  data 
and  the  resultant  first,  second,  and  third  order  differences  for  a  given 
frfiase.  A  target  is  said  to  be  out  of  phase  when  its  appearance  in  a  given 
pixel  is  split  between  two  frames  (even  though  the  actual  period  of  time 
that  it  dwells  in  the  pixel  is  equal  to  the  length  of  the  frame  time ) .  A 
target  is  in  phase  when  it  appears  in  a  given  pixel  for  one  frame  only. 


In  each  example  the  appearance  of  a  target  is  split  between  the 
fourth  and  fifth  frames.  The  examples  are  labeled  by  the  ratio  of  the  time 
spent  by  the  target  in  the  fourth  frame  to  time  spent  in  the  fifth  frame; 
for  instance,  60:40  phasing  means  that  the  target  was  in  the  pixel  for  60% 
of  frame  four  and  40%  of  frame  five.  The  background  is  assumed  to  be  zero 
for  simplicity. 

Notice  the  differences  in  amplitude  and  phasing  for  the  various  dif¬ 
ference  orders.  Assuming  simple  thresholding,  the  frame  in  which  a  target 
would  be  detected  is  indicated  (for  each  example)  by  circling  that  frame 
for  each  of  the  difference  orders. 

The  Appendix  2  phasing  examples  were  used  to  evaluate  the  perform¬ 
ance  of  the  various  orders  of  simple  thresholding.  The  results  of  this 
evaluation  are  illustrated  in  Table  2-4.  Several  properties  of  simple 
thresholding  are  evident.  First  order  simple  thresholding  detects  a  hit 
one  frame  late  for  phasing  in  the  67:33  to  51 : 49  range .  Second  order 
simple  thresholding  records  two  consecutive  hits  for  50:50  phasing.  Third 
order  simple  thresholding  detects  a  hit  one  frame  early  in  the  range  of 
49:51  to  41:59  and  records  two  consecutive  hits  for  40:60  phasing.  In 
addition,  the  ambiguous  50:50  case  produces  a  bias  in  the  earlier  frame  for 
third  order  simple  thresholding  and  the  later  frame  for  first  order  simple 
thresholding. 

For  purposes  of  performing  clustering  and  centroiding,  a  knowledge 
of  which  frame  of  data  or  difference  corresponds  to  the  current  frame  of 
thresholding  is  required.  If  the  current  frame  of  simple  thresholding  is 

frame  #i,  the  corresponding  frames  are: 

0 

frame  #i  of  the  exceedance 
frame  #i  of  the  difference 

frame  #i  +  K  -  1  of  the  data,  except  in  the  case  of  K  =  0  which  cor¬ 
responds  to  frame  #i  of  the  data  (where  K  is  the  difference  order 
employed) 


POUFTH  FRAME 
TO  FIFTH  FRAME 
RATIO  (PHASING) 


DIFFERENCE 

ORDER 


MAXIMUM 
POSSIBLE 
THRESHOLD  LEVEL 


OOMMENTS 


100:0 

0 

100 

Correct 

1 

100 

Performance 

2 

200 

3 

300 

95:5 

0 

95 

Correct 

1 

90 

Performance 

2 

185 

3 

280 

90: 10 

0 

90 

Correct 

1 

80 

Performance 

2 

170 

3 

260 

85:15 

0 

85 

Correct 

1 

70 

Performance 

2 

155 

3 

240 

80:20 

0 

80 

Correct 

1 

60 

Performance 

2 

140 

3 

220 

75:25 

0 

75 

Correct 

1 

50 

Performance 

2 

125 

3 

200 

70:30 

0 

70 

Correct 

1 

40 

Performance 

2 

110 

3 

180 

Table  2-4.  Simple  thresholding  performance  for  various 
degrees  of  phasing.  (Cont.) 


FOURTH  FRAME 

DIFFERENCE 

MAXIMUM 

COMMENTS 

TO  FIFTH  FRAME 

ORDER 

POSSIBLE 

RATIO  (PHASING) 

THRESHOLD  LEVEL 

65:35 

0 

65 

1 

35 

One  frame  late 

2 

95 

3 

160 

60:40 

0 

60 

1 

40 

One  frame  late 

2 

80 

3 

140 

55:45 

0 

55 

1 

45 

One  frame  late 

2 

65 

3 

120 

50:50 

0 

50 

Generates  2  consecu- 

tive  hits 

1 

50 

Biased  towards 

later  frame 

2 

50 

Generates  2  consecu- 

tive  hits 

3 

100 

Biased  towards 

earlier  frame 

45:55 

0 

55 

1 

55 

2 

65 

3 

80 

One  frame  early 

40:60 

0 

60 

1 

60 

2 

80 

3 

60 

Generates  2  consecu- 

tive  hits 

35:65 

0 

65 

Correct 

1 

65 

Performance 

2 

95 

3 

90 

Table  2-4.  Simple  thresholding  performance  for  various 
degrees  of  phasing.  (Cont.) 


FOURTH  FRAME 

TO  FIFTH  FRAME 
RATIO  (PHASING) 

DIFFERENCE 

ORDER 

MAXIMUM 
POSSIBLE 
THRESHOLD  LEVEL 

COMMENTS 

30:70 

0 

70 

Correct 

1 

70 

Performance 

2 

110 

3 

120 

25:75 

0 

75 

Correct 

1 

75 

Performance 

2 

125 

3 

150 

20:80 

0 

80 

Correct 

1 

80 

Performance 

2 

140 

3 

180 

15:85 

0 

85 

Correct 

1 

85 

Performance 

2 

155 

3 

210 

10:90 

0 

90 

Correct 

1 

90 

Performance 

2 

170 

3 

240 

5:95 

0 

95 

Correct 

1 

95 

Performance 

2 

185 

3 

270 

0:100 

0 

100 

Correct 

1 

100 

Performance 

2 

200 

3 

300 

Similarly  for  the  case  of  Multi -Threshold  Detection  (MTD),  frame  #i  of  the 
thresholding  corresponds  to: 


frame  #i  of  the  exceedance 

frame  numbers  i  through  i  +  K  of  the  difference  (were  K  is  again  the 
difference  order) 

frame  #i  -f  K  of  the  data 

For  clustering  or  centroiding  based  on  differencing,  perhaps  the  amplitude 
used  should  be  calculated  as  the  sum  of  the  absolute  values  of  the  differ¬ 
ence  of  the  pixel  in  question  for  frames  i  through  i  +  K: 


Amplitude 


P 


K 

nmi+j 


(2-2) 


2.2.5  CFAR  Algorithm  Development 

Initial  investigations  into  candidate  Constant  False  Alarm  Rate 
(CFAR)  algorithms  were  based  upon  the  conservative  assumption  that  such  an 
algorithm  would  be  applied  only  once  to  each  frame  of  thresholded  data,  due 
to  the  anticipated  real  time  operational  requirements  and  time  lines  of  a 
signal  processor.  However,  an  iterative  type  of  CFAR  algorithm  which  could 
potentially  be  applied  a  number  of  times  to  each  thresholded  frame  offers  a 
number  of  advantages  and  would  be  feasible  in  signal  processors  with  less 
restrictive  timing  requirements. 

After  investigating  the  iterative  approach,  the  following  CFAR 
algorithm  was  developed  (which  is  similar  to  Newton's  method  for  finding 
roots  of  a  polynomial).  The  inputs  to  the  this  algorithm  are  as  follows: 

Op  -  difference  order  used 


current  threshold  level 


NHITS  -  current  number  of  threshold  hits 

NOPT  -  optimal  number  of  hits 

MARGIN  -  allowed  variance  between  NHITS  and  N3FT 

ITER  -  maximum  number  of  GEAR  loop  iterations  to  be  allowed  for  a 
single  frame. 

NOPT,  MARGIN,  and  ITER  are  all  user  inputs.  Recall  that  Newton's  method 
treats  a  polynomial  as  if  it  were  piece-wise  linear,  by  calculating  the 
local  tangent  and  then  interpolating  via  that  tangent  to  another  point  on 
the  polynomial.  The  new  local  tangent  is  computed  at  the  current  point  and 
is  used  in  turn  to  interpolate  to  the  next  point.  Each  iteration  of  this 
procedure  yields  a  point  vrtiich  is  closer  to  the  desired  position  on  the 
curve,  so  the  procedure  is  repeated  until  the  desired  level  of  accuracy  is 
achieved . 

The  proposed  GEAR  algorithm  differs  from  Newton's  method  in  that 
its  uses  a  secant  for  the  interpolation,  rather  than  the  local  tangent. 
Bnpirical  investigations  have  shown  that,  typically,  the  relation  between 
the  number  of  exceedances  (NHITS)  and  the  threshold  level  (bp)  for  a 
given  frame  has  the  form  of  the  curve  shown  in  Eigure  2-11.  Suppose  that 
after  thresholding  the  current  frame  the  number  of  exceedances  corresponds 
to  point  A  on  the  curve,  for  which  the  threshold  level  was  too  low,  thereby 
generating  too  many  hits.  The  objective  is  to  determine  the  optimal  thres¬ 
hold  level  which  generates  NDPT  hits.  An  initial  rather  crude  interpola¬ 
tion  can  be  performed  by  assuming  that  the  amount  by  which  NHITS  differs 
from  NDPT  is  proportional  to  the  amount  by  which  bp  differs  from  the 
optimal  threshold  level,  i.e.,  if  NHITS  is  20%  too  high  (or  low),  then  bp 
must  also  be  20%  too  low  (or  high).  The  threshold  level  bp  is  adjusted 
accordingly,  and  the  entire  frame  can  then  be  re-thresholded ,  which  in  this 
case  produces  a  number  of  hits  corresponding  to  point  B  in  Eigure  2-11. 


NHITS 


OPTIMAL  L, - ► 

THRESHOLD  ' 

LEVEL 

Figure  2-11.  Initial  CPAR  threshold  level  correction. 

A  more  accurate  interpolation  of  the  ideal  threshold  level  can  then  be 
performed  by  assuming  a  straight-line  between  points  A  and  B  as  an  approxi¬ 
mation  to  the  curve.  This  new  interpolated  threshold  level  can  be  used  to 
re-threshold  the  frame,  producing  a  number  of  hits  corresponding  to  point  C 
in  Figure  2-12.  This  interpolation/re-thresholding  CFAR  procedure  (using 
the  latest  point  generated  and  the  one  which  preceded  it)  is  repeated  ITER 
times,  or  until  InhITS  -  NOPtI  is  less  than  MARGIN  or  the  allowed  variance. 


whichever  comes  first.  Note  that  it  is  desirable  to  have  NHITS  less  than 
NOPT  but  as  close  as  possible,  since  ultimately  the  hardware  of  any  real 
signal  processor  will  be  limited  in  the  amount  of  exceedances  it  can 
process  in  real  time. 


If  the  input  data  frames  are  composed  of  integers  or  whole  numbers, 
then  the  minimum  change  in  threshold  level  which  will  produce  a  change  in 
the  number  of  exceedances  is: 

1  for  all  orders  of  simple  thresholding,  0th  order  MTD  and 
1st  order  MTD 
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Figure  2-12.  CFAR  iteration. 

1/2  for  2nd  order  MTD 

1/3  for  3rd  order  MTD 

Iterations  of  the  CFAR  loop  should  cease  when  the  change  in  the  threshold 
level  proposed  by  the  interpolation  is  less  than  the  appropriate  number 
shown  above.  The  final  threshold  level  generated  is  then  the  initial 
threshold  level  for  the  next  frame. 

The  CSDL  HRAP/LRT.P  simulation  currently  has  implemented  three  meth¬ 
ods  of  threshold  level  setting:  read  in  threshold  level;  noise  estimate 
times  threshold  to  noise  ratio  (NE  x  TNR);  and  standard  deviation  over  an 
entire  frame  times  threshold  to  noise  ratio  (SD  x  TNR).  All  three  of  these 
options  have  been  exercised,  and  it  is  clear  that  optimally  setting  the 
threshold  level  is  critical  to  the  success  of  the  processor's  performance. 
Any  one  of  these  options  could  be  combined  with  a  CFAR  loop  for  threshold 
level  maintenance.  An  important  area  for  future  worlt  is  the  interaction 


of  threshold  level  initialization  with  threshold  level  maintenance  as  well 
as  methods  of  optimizing  threshold  level  setting  algorithms.  Another  area 
of  investigation  will  be  the  performance  of  threshold  level  setting 
algorithms  as  a  function  of  scene  and  sensor  characteristics.  For  example 
one  threshold  level  setting  algorithm  might  work  well  for  AC  coupled  focal 
planes,  while  another  might  be  superior  for  DC  coupled  focal  plane?. 

2.2.6  Track  Discrimination 

Although  the  one  tier  and  two  tier  acquisition  algorithms  are  suc¬ 
cessful  in  eliminating  many  non-target  generated  hits,  it  is  possible  for 
set  of  unrelated  false  hits  to  be  mistaken  for  a  track.  Most  strategic 
target  tracks  (both  high  resolution  and  low  resolution)  tend  to  form 
straight  lines  over  short  distances,  %<hereas  most  false  tracks  are  not. 

The  strategy  of  a  track  discriR.i''ation  algorithm  is  to  filter  out  those 
acquired  tracks  which  are  not  sufficiently  “straight'*  from  those  that  are. 
Two  algorithms  have  been  implemented  to  accomplish  this  objective  in  the 
CSDL  HRAP/LRTP  simulation,  and  they  are  described  in  the  following  two 
sections . 


2. 2. 6.1  Least-Squares  Line-Fitting  Algorithm 

The  algorithm  described  here  is  a  modification  and  improvement  of 
the  old  least-squares  algorithm  described  elsewhere. The  logic  of  the 
algorithm  is  as  follows:  the  HRAP/LRTP  is  constantly  acquiring  hits  which 
are  placed  in  track  files,  forming  possible  tracks.  Suppose  now  that  a 
given  track  file  has  just  accumulated  N  hits,  so  that  it  passes  some 
criterion  (like  the  12  out  of  14  test)  which  requires  a  minimum  number  of 
hits  in  a  given  number  of  frames.  Each  of  the  hits  in  this  track  file  has 
X  and  Y  coordinates;  let  the  coordinates  of  the  ith  hit  be  and  Y^. 

The  equation  of  the  line 


Y  -  mX  +  b 


(2-3) 


which  describes  the  track  is  found  by  employing  a  least-squares  straight- 
line  fit  to  find  the  slope,  m,  and  the  intercept,  b: 


Reasoning  that  a  strategic  track  vnuld  be  a  reasonably  straight  line  over 
short  distances,  the  algorithm  requires  that  all  hits  in  a  track  file  be 
within  a  distance  DMAX  of  the  least-squares  computed  line.  The  perpendicu¬ 
lar  distance  of  the  ith  hit  to  the  line  is  given  by 

mX.  -  Y.  +  b 

distance  =  — ^  ^  -  (2-6) 

t/m^  +  1 

The  distance  of  each  hit  in  the  track  file  is  computed;  if  any  of  the  hits 
heis  a  distance  which  is  greater  than  the  allowed  limit,  DMAX,  then  that 
track  file  is  dropped.  The  modification  to  this  algorithm  comes  from  the 
observation  that  the  algorithm  fails  when  the  slope  of  a  track  approaches 
infinity  (vertical).  The  solution  is  straightforward:  simply  exchange  the 
roles  of  X  and  Y  in  the  least-squares  fit  whenever  the  slope  dy/dx  exceeds 
1 .  The  line  to  be  determined  is  now 

X  »  mY  +  b  (2-7) 


and  the  slope  and  intercept  are  given  by 


NlX.  Y. 


(  Ex,  )  (  Ey.  ) 


The  perpendicular  distance  of  the  ith  point  to  this  line  is  given  by 


mY.  -  X.  +  b 
distance  =  - — 

+  1 


(2-10) 


Once  again  if  any  hit  in  a  track  file  has  a  perpendicular  distance  greater 
than  the  allowed  limit,  DKAX,  that  track  is  dropped. 


2. 2.6. 2  Correlation  Coefficient  Algorithm 

The  coefficient  of  correlation  is  a  measure  of  association  between 
two  variables.  When  the  absolute  value  of  the  correlation  coefficient  R^y 
between  X  and  Y  approaches  1 ,  this  is  indicative  of  a  strong  relation  be¬ 
tween  X  and  Y  with  little  scatter  about  the  line  which  defines  the  X-Y 
relation.  The  correlation  coefficient  is  given  by 


R 

xy 


NSX.  Y.  -  Ex.  EY. 
11  11 


n/ex,^  -  (EX.)^  /ey.^  -  ( EY 


(2-11 ) 


The  correlation  coefficient  algorithm  measures  this  quantity  for  each  eli¬ 
gible  track.  If  the  R^y  falls  below  some  minimum  acceptable  limit,  RMIN, 
for  any  track  file,  then  that  track  is  dropped.  Notice  that  the  correla¬ 
tion  coefficient  algorithm  has  one  major  weakness:  it  has  a  tendency  to 
rule  out  near-vertical  ^md  near -horizontal  tracks,  as  can  be  seen  from  the 
equation  defining  Rxy*  This  is  because  a  vertical  or  horizontal  track 
may  be  "straight" ,  but  it  cannot  show  any  correlation  between  X  and  Y. 


2.2.7  Areas  of  Future  Investigation 

Several  signal  procesing  issues  merit  further  study,  particularly 
the  issue  of  threshold  level  setting  and  maintenance.  CSDL  plans  to  exam¬ 
ine  the  relationship  between  threshold  level  and  clutter  leakage  in  greater 
detail  as  a  function  of  scene,  sensor,  difference  order,  and  spatial  inte¬ 
gration.  After  implementation  and  test  of  the  CFAR  algorithm  (described  in 


Section  2.2.5)  is  completed,  CSDL  intends  to  explore  the  performance  of 
this  algorithm  against  different  scenes  and  signal  processor  configura¬ 
tions.  Spatial  integration  is  another  subject  requiring  further  study,  as 
are  the  new  low  resolution  acquisition  search  gates  (described  in  Section 
2. 2. 3. 3).  CSDL  intends  to  investigate  these  and  other  related  areas  which 
impact  processor  performance. 

In  the  course  of  investigating  an  algorithm,  a  number  of  questions 

arise: 

( 1 )  How  does  the  algorithm  affect  processor  performance? 

(2)  How  does  it  couple  with  other  algorithms  for  various  process¬ 
or  configurations? 

(3)  How  can  the  algorithm  be  optimized? 

Experience  to  date  indicates  that  algorithms  perform  optimally  when  they 
can  vary  their  own  parameters  dynamically,  responding  to  a  given  situation 
in  a  manner  which  is  tailored  to  the  current  circumstances.  It  is  hoped 
that  future  efforts  can  include  an  investigation  into  the  implementation  of 
such  "dynamic"  algorithms. 


,  'i^'  y'  -r  ¥".  v  ■ 


2.3  Integrated  Large  Space  Structures  simulation  (ILS  ) 

2.3.1  Introduction 

The  ILS^  structures/optics  simulation  is  a  tool  which  can  be  used 
to  simulate  the  performance  of  a  flexible  optical  system  subject  to  onboard 
and  environmental  disturbances  and  control  system  forces.  The  output  of 
this  program  is  the  optical  point-spread  function  (PSF)  of  the  system  which 
can  then  be  used  as  an  input  to  the  SBS^  sensor  simulation.  This  section 
describes  the  first  step  in  a  series  of  enhancements  which  broaden  the 
types  of  systems  which  can  be  simulated  by  removing  the  modelling  restric¬ 
tions  which  were  part  of  the  original  program. The  fundamental  struc¬ 
ture  of  IIiS^  is  shown  in  Figure  2-13.  It  consists  of  three  groups  of 
basic  functional  modules.  In  the  first  group,  the  node  point  displacements 
of  a  finite  element  model  subjected  to  static  or  dynamic  loads  are  compu¬ 
ted.  In  the  second  group,  these  node  point  displacements  are  transformed 
into  optical  wavefront  errors.  Finally,  in  the  third  group  the  wavefront 
errors  are  processed  to  compute  lOS  errors,  PSF,  etc. 

The  subject  of  the  sections'  to  follow  is  the  enhancement  of  the 
second  group  of  modules,  known  as  the  interface  programs.  In  these  pro¬ 
grams  the  previously  computed  displacements  at  the  node  points  of  the 
finite-element  model  of  the  surface  are  transformed  into  optical  wavefront 
errors  at  a  rectangular  grid  of  points.  This  is  accomplished  by  interpo¬ 
lating  the  known  node  point  displacements  to  find  the  displacements  at  the 
points  in  the  output  grid  for  each  reflective  surface  in  the  system.  These 
displacements  can  then  be  combined  using  the  information  obtained  from  a 
raytrace  of  the  system  to  determine  the  wavefront  error  at  each  point  in 
the  grid.  If  the  system  contains  only  one  mirror  (which  is  spherical  or 
paraboloidal)  and  a  point  feed  the  wavefront  errors  for  on-axis  operation 
can  be  computed  directly  from  the  geometry  of  the  system  without  the  need 
for  a  raytrace. 

The  following  sections  will  describe  the  methods  used  to  perform  the 
interpolation  of  the  node  point  displacements  to  find  the  displacements  on 
the  optical  grid.  The  interpolation  actually  involves  two  steps:  1)  a 
search  to  determine  where  on  the  finite  element  model  each  optical  grid 
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point  lies;  and  2)  the  computation  of  the  interpolation  coefficients  for 
each  point.  The  algorithms  used  in  both  steps  have  been  designed  to  allow 
any  type  of  finite  element  model  for  the  mirror  surface. 


2.3.2  Output  Optical  Grid 

Before  the  search  and  interpolation  methods  can  be  implemented,  a 
grid  of  optical  points  must  be  established.  The  wavefront  errors  will  be 
evaluated  at  the  optical  points  which  lie  on  the  mirror.  These  points  are 
assumed  to  form  a  rectangular  grid  which  lies  in  a  plane  parallel  to  the 
outgoing  wavefront.  The  points  will  be  defined  in  the  X-Y  plane  of  the 
optical  coordinate  system.  The  origin  of  this  coordinate  system  will  be 
located  at  the  vertex  of  the  optical  surface.  This  is  shown  in  Figure 
2-14.  The  spacing  of  the  optical  points  in  the  grid  will  be  input  by  the 
user. 
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Figure  2-14.  Optical  coordinate  system. 

All  node-point  locations  and  displacements  in  the  finite-element 
model  will  be  transformed  to  the  optical  coordinate  system  before  perform¬ 
ing  the  search  and  interpolation.  The  rotation  matrix  from  the  input 
global  coordinate  system  to  the  optical  system  is 


One  method  which  %#ill  simplify  the  search  is  to  use  the  geometric 
shape  functions  which  are  the  basis  of  the  finite  element  formulation. 

These  functions  express  the  location  of  any  interior  point  in  terms  of  the 
location  of  the  corner  nodes.  For  generality,  and  later  application  to  the 
interpolation  function,  a  "natural"  coordinate  system  will  be  used  to 
express  these  functions.  This  coordinate  system  is  a  function  of  the 
element  boundaries,  not  global  location  of  the  element,  but  there  is  a 
unique  relationship  between  the  two  coordinate  systems  for  each  element. 

The  natural  coordinate  system  for  a  typical  element  is  shown  in  Figure 
2-15.  The  coordinates  e,  n  are  attached  to  the  element  and  scaled  so  that 
the  sides  are  defined  by  c  •  -1 ,  e  ■  +1 ,  n  *  -1 ,  h  »  +1 .  A  triangular 
element  is  represented  by  collapsing  edge  3-4. 


Figure  2-15.  Element  natural  coordinate  system. 

In  order  for  an  optical  point  to  lie  inside  the  boundary  of  an  element  its 
e,  n  coordinates  must  be  in  the  range  “1  ^  ^  ■••1  "I  ^ 

implementation  of  this  approach  will  now  be  described  in  detail. 

Starting  with  a  typical  element  tdiich  is  part  of  the  mirror  surface 
of  interest,  the  coordinates  of  the  node  points  which  define  the  element 
are  transformed  to  the  optical  coordinate  system,  eis  described  in  Section 


2.3.1.  The  niinimum  and  maximum  x  and  y  values  for  the  corner  node  coordi¬ 
nates  of  the  element  are  found  in  order  to  define  the  search  region.  Only 
those  optical  points  which  lie  within  the  region  will  be  checked  with 
respect  to  this  element.  This  region  is  shown  in  Figure  2-16. 
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Figure  2-16.  Element  search  region. 


Those  points  within  the  search  region  must  be  checked  to  see  if  they 
lie  within  the  element  boundaries.  In  order  to  utilize  the  natural  coordi¬ 
nate  system,  the  coordinates  of  the  corner  nodes  and  the  optical  point  must 
be  rotated  to  a  system  in  which  the  x,  y  plane  is  parallel  with  the  plane 
of  the  element.  This  transformation  is 
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where 


R1 


coordinate  transformation  matrix  from  the  optical  system 
to  an  element  system 


R1  = 
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Before  the  optical  point  P  can  be  rotated  from  the  optical  coordi¬ 
nate  system  to  the  element  system,  the  Z  coordinate,  in  the  optical  system, 
of  the  projection  of  the  optical  point  onto  the  element  plane  must  be  found. 
This  projection  is  along  the  optical  Z  axis  as  shown  in  Figure  2-17. 


Figure  2-17.  Optical  point  surface  intersection. 


The  equation  of  the  element  plane  is 

Ax  +  By  +  Cz  +  D  =  0 


where 


(2-21 ) 


=  V 


(2-22) 


X,  y,  z  =  A  point  on  the  plane  expressed  in  the 
optical  coordinate  system 

Substituting  the  known  coordinates  of  corner  node  1  into  the  equation  and 
solving  for  D  results  in 
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when  this  value  and  the  x,  y  coordinates  of  optical  point  P  are  substituted 
into  this  equation  the  z  coordinate  can  be  found: 


-D  -  AXp  -  Byp 


(2-24) 


The  x,y  coordinates  in  the  element  system  of  the  optical  point  P 
expressed  in  terms  of  the  unknown  c,  n  coordinates  and  the  x,  y  locations 
of  the  corner  nodes  are 
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Collecting  terms  and  rewriting  results  in 
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Solving  the  first  equation  for  e  results  in 


-A,  -  A3ri  +  Xp 
+  A^n 


Substituting  this  expression  for  e  into  the  equation  for  Yp  results  in  a 
quadratic  equation  in  n: 
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In  solving  this  equation  for  n,  if  C3  “  0,  then 
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If  all  of  the  roots  lie  outside  the  range,  -1  h  £  +  1 ,  then  the  optical 
point  P  is  outside  the  boundaries  of  the  element.  If  a  root  is  in  the 
correct  range  then  it  can  be  substituted  into  the  previous  equation  to  find 
e.  If  it  lies  in  the  range  -1  £  e  ^  +  1,  then  point  P  is  in  the  element. 
Once  an  optical  point  in  the  element  has  been  found,  the  coefficients  for 
interpolation  of  the  corner  node  displacements  can  be  determined.  This 
procedure  will  be  descrit>ed  in  Section  2.3.4. 

This  procedure  will  be  repeated  for  all  optical  points  which  lie 
within  the  search  region  for  this  element.  When  this  is  complete,  the 
search  proceeds  to  the  next  element  in  the  mirror  model  until  the  locations 
of  all  optical  points  have  been  found. 


2.3.4  Interpolation  Methods 


Once  euri  optical  point  is  found  to  lie  within  a  given  element,  the 
displacement  at  the  optical  point  can  be  found  by  interpolating  the  known 
displacements  at  the  element  node  points.  The  interpolation  is  simple  if 
the  mirror  behaves  as  a  rigid  body  with  respect  to  the  support  structure. 

In  this  case  the  motion  of  any  point  on  the  surface  is  a  function  of  the 
motion  of  the  support  points.  The  interpolation  functions  for  a  rigid 
mirror  on  two  types  of  kinematic  mounts  are  described  in  Section  2. 3. 4.1. 

If  the  flexibility  of  the  mirror  is  included  in  the  finite-element  model,  a 
more  complicated  interpolation  is  required. 

A  number  of  interpolation  methods  are  available,  but  many  of  these 
are  only  applicable  to  a  surface  modelled  by  a  square  or  rectangular  grid 
of  points.  In  general  a  finite-element  mesh  of  the  surface  will  be  non- 
uniform  with  the  density  of  node  points  varying  across  the  optical  sur¬ 
face.  The  generality  of  the  grid  can  be  accounted  for  by  utilizing  the 
basic  principles  of  the  finite-element  method  in  which  the  displ,acement  at 
any  point  on  the  interior  of  an  element  can  be  expressed  bb  a  function  of 
the  known  displacements  at  the  node  points  defining  the  element.  These 
displacement  shape  functions  can  be  expressed  in  either  the  global  coordi¬ 
nate  system  or  the  natural  coordinate  system  for  the  elements.  A  variety 
of  shape  functions  can  be  developed  depending  on  how  the  optical  surface 
has  been  modelled.  An  interpolation  methodology  for  a  mirror  modelled  by 
plate  bending  elements  is  discussed  in  Section  2. 3. 4. 2. 

2. 3. 4.1  Rigid  Mirror  Interpolation 

Vfhen  a  mirror  is  stiff  enough  that  the  elastic  deformations  are 
expected  to  be  small  compared  to  the  allowable  values,  it  will  behave  and 
can  be  modelled  as  a  rigid  body.  It  is  assumed  that  a  rigid  mirror  will  be 
attached  to  the  supporting  structure  by  a  kinematic  mount.  This  mount  will 
permit  only  rigid-body  motion  of  the  supporting  structure  to  be  transferred 
to  the  mirror.  Thus  the  motion  of  any  point  <xi  the  mirror  will  be  a  func¬ 
tion  of  the  motion  of  the  support  points  only.  The  number  of  support  DOF's 
must  equal  the  number  of  allowable  rigid-body  motions.  For  a  three  dimen¬ 
sional  model  six  Independent  supports  are  required. 


Several  types  o£  kinematic  mounts  have  been  designed.  Two  of  the  most 
common  will  be  described  In  this  section  and  Included  in  the  program. 
Other  types  of  mounts  can  be  added  later  If  desired. 


The  first  type  of  kinematic  mount  Is  shown  In  Figure  2-18  along  with 
the  local  mount  coordinate  system.  In  this  type  of  mount,  point  A  Is 
supported  In  the  local  x,  y,  and  z  translational  directions,  point  B  In  the 
local  y  and  z  directions  and  point  C  In  the  z  direction.  The  motion  of  any 
optical  point  P  can  be  expressed  In  terms  of  the  motion  of  the  support 
points  as 


Figure  2-18.  Kinematic  mount  type  #1 . 
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These  equations  assume  that  the  location  and  displacement  vectors  of 
the  support  points  and  the  optical  points  are  expressed  in  the  local 
coordinate  system  of  the  kinematic  mount.  The  transformations  from  the 
optical  system  to  the  local  mount  system  for  any  point  i  are 
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Figure  2-19.  Kinematic  mount  type  #2 


The  displacement  o£  any  optical  point  P  can  be  expressed  in  terms  of  the 
displacements  of  the  support  points  by  the  relationships  shown  below. 

The  displacements  of  point  P  as  a  function  of  the  motions  of  the 
center  of  the  mount  circle,  point  0,  are 
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The  motions  of  point  0  can  be  expressed  in  terms  of  the  tangential,  UT^, 
and  out-of -plane,  UZ^,  displacements  of  the  support  points 
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The  tangential  displacements  are  related  to  the  local  X-  and  Y-axis 
displacements  by  the  equations 

UT.  -  UX, 

A  A 

UT„  =  -UX„  sin  Ob  +  UY„  cos  0B 
B  B  B 

UT^  =  -UX^  sin  ec  +  UY^  cos  9C 

Finally,  the  node-point  locations  and  displacements  used  in  the 
previous  equations  are  assumed  to  be  in  the  local  kinematic  mount  coordi¬ 
nate  system.  The  transformation  from  the  optical  system  to  the  mount  sys¬ 
tem  is  a  function  of  the  location  of  the  center  of  the  mount  circle,  point 
B.  This  location  can  be  found  by  transforming  the  coordinates  of  points  A, 
B  and  C  to  an  intermediate  coordinate  system  in  which  the  X-Y  plane  is  the 
plane  formed  by  the  points  and  solving  the  equation  of  a  circle.  Once  the 
location  of  point  D  is  known,  the  transformation  from  the  intermediate  sys¬ 
tem  to  the  mount  system  can  be  found.  This  transformation  is  then  used  to 
convert  the  location  and  displacements  of  the  support  points  and  the  loca¬ 
tion  of  the  optical  point  to  the  local  system.  After  the  displacements  at 
the  optical  point  is  found  it  is  converted  back  to  the  optical  system  using 
the  inverse  transformation. 


2. 3. 4. 2  Flexible  Mirror  Interpolation 

When  a  mirror  surface  is  modelled  as  a  continuous  elastic  surface, 
the  displacement  of  the  optical  points  can  be  expressed  as  a  function  of 
the  displacements  and  rotations  at  the  node  points  of  the  element  contain¬ 
ing  each  optical  point.  The  relationship  between  the  node  points  ^md  the 
optical  points  for  each  element  will  utilize  shape  functions  expressed  in 
the  natural  coordinate  system  vdiich  was  used  previously  in  the  search 
methodology.  The  development  of  displacement  shape  functions  for  the  plate 
and  shell  elements,  which  are  typically  used  to  model  a  mirror  surface,  has 
been  the  subject  of  extensive  research.  One  relatively  simple  model,  which 
has  been  selected  for  implementation  into  ZLS^,  is  presented  here.  Other 
models  could  be  included  at  a  later  date  if  necessary. 

The  shape  function  model  chosen  is  based  on  em  eight-node  quadri¬ 
lateral  element.  As  shown  in  Figure  2-20  the  three  translational  dis¬ 
placements  at  each  node  point  are  known.  The  displacements  at  any  point  P 
.nslde  the  element  can  be  expressed  as  a  function  of  the  nodal  displace- 
.lents  and  the  location  of  P  in  the  natural  coordinate  system,  (Cp,  hp), 
as 


Figure  2-20.  Eight  node  element  numbering 
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where  the  shape  function  at  each  node  is 


“i<S'  V 


-  (1  +  *  ’'p’’i 


H^CEp,  rip) 


^  (1  -  e2)(i  +  TipnJ 


“i<  Vp’ 


1(1-  nj)(i  +  EpEj 


This  set  of  shape  functions  allows  a  quadra* 
displacements  along  the  edges  with  some  higher  ordi 
interior.  If  the  elements  used  in  the  finite-elem< 
permit  only  linear  or  quadratic  displacement  fieldi 
used.  When  higher  order  elements  are  used  in  the  1 
interpolation  model  should  be  used. 

When  an  element  is  modelled  with  eight  nodei 
equations  can  be  used  directly.  If  an  element  is  1 
quadrilateral  or  as  a  triangle  with  three  or  six  n< 
made  to  the  interpolation  functions.  In  the  case  1 
eral,  as  shown  in  Figure  2-21 ,  the  midside  displaci 
interpolating  the  displacements,  and  rotations  (if 
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If  the  rotations  are  not  defined  at  the  corners,  the  midside  dis¬ 
placement  is  simply  the  average  of  the  displacements  at  the  corners.  When 
the  rotations  are  present,  the  midside  displacement  can  be  found  by  averag¬ 
ing  the  end  displacements  and  adding  the  displacement  due  to  the  end  rota¬ 
tions.  As  an  example,  an  edge  of  a  typical  element  is  shovm  in  Figure  2-22. 


Figure  2-21.  Four-node  quadrilateral. 


Figure  2-22.  Element  edge  interpolation. 


The  displacement  at  midside  point  m  can  be  expressed  as 
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When  the  element  Is  triangular,  with  three  or  six  nodes  as  shown  in 
Figure  2-23,  the  shape  functions  can  be  modified  by  assuming  that  the  edge 
between  nodes  3  and  4  collapses  to  a  point  as  shown  in  Figure  2-24.  The 
new  shape  functions  are 
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Figure  2-23.  Triangular  element  geometry 


Figure  2-24.  Triangular  element  generation 


These  interpolation  functions  will  be  unique  for  each  optical  point. 
They  can  be  saved  for  later  use  with  additional  displacement  vectors  to 
avoid  the  cost  of  recalculation.  Once  the  displacements  at  each  optical 
point  have  been  determined,  the  wavefront  error  at  each  point  can  be 
found.  This  is  discussed  in  the  next  section. 

2.3.5  Wavefront  Error  Computation 

Once  the  optical  grid  has  been  established  cund  the  displacements  at 
the  grid  points  have  been  found  by  interpolation,  the  next  step  is  to  de¬ 
termine  the  wavefront  error  at  each  optical  point.  For  a  single  mirror 
system  with  an  optional  feed  this  is  a  simple  task  if  the  surface  is  spher 
ical,  paraboloidal,  or  flat,  and  only  on-axis  operation  is  to  be  studied. 
All  other  types  of  systems  require  a  raytrace. 

Given  a  system  with  a  single  surface  and  a  feed  as  shown  in  Figure 
2-25,  and  assuming  small  displacements,  the  wavefront  error  at  any  point 
due  to  sur'ace  displacements  is  equal  to 
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Figure  2-25 


where  =  surface  normal  vector  at  point  i 


NZ^  =  Z  axis  component  of 


=  surface  displacement  vector  at  point  i 


This  is  shown  in  Figure  2-26.  The  wavefront  error  at  point  i  due  to  motion 
of  the  point  feed  is  equal  to 


WFE.  = 
1 


-2N  N  UX^  -  2N  N  Uy^ 
X  z  f  y  z  f 


(2N^  -  1 juz^ 


(2-51  ) 


as  shown  in  Figure  2-26.  Both  components  of  the  wavefront  error  are 
dependent  on  the  surface  normal  vector  at  point  i.  The  normal  vector  is  a 
function  of  the  location  of  the  point  on  the  surface  and  the  type  of 
surface.  Given  below  are  the  equations  for  the  normal  vector  at  a  point  i 
(x,  y,  z)  for  two  surface  types.  Both  equations  assume  that  the  point 
locations  are  given  in  a  coordinate  system  with  the  origin  located  at  the 
vertex  of  the  surface  and  the  Z-axis  parallel  to  the  optical  axis. 
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Using  these  equations,  the  wavefront  error  at  each  optical  point  ceuti  be 
computed.  These  will  be  stored  in  a  data  base  for  input  to  the  optics 
module . 


2.3.6  Summary 

A  new  Interface  program  for  single-mirror  systems  has  been  developed 
for  the  ILS^.  Biis  program  will  compute  the  wavefront  errors  at  a  user 
specified  grid  of  points  by  interpolating  the  displacements  at  the  node 
points  of  the  finite-element  model  of  the  system.  The  program  is  capable 
of  handling  both  rigid  2uul  flexible  mirrors  and  is  designed  to  be  modular 
to  permit  the  addition  of  higher  order  interpolation  functions  at  a  later 
date.  The  outputs  of  the  program  are  the  wavefront  errors  at  the  optical 
points.  These  can  then  be  input  to  the  ILS  optics  module  to  compute  the 
PSF  and  LOS  errors. 

The  methods  described  here  will  be  used  in  the  next  vnrk  phase  to 
update  the  multiple  mirror  interface  program.  The  final  result  of  these 
efforts  will  be  a  program  which  can  be  used  vrith  any  system  finite -element 
model  without  many  of  the  earlier  restrictions. 


2.4  Investigation  of  Line-Of-Sight  Jitter  Reduction  Algorithms 

2.4.1  Introduction 

As  has  been  shown  earlier, the  Draper  Integrated  Simulations 
(DIS)  provides  a  natural  test  bed  for  examining  the  behavior  of  current  and 
proposed  space-based  surveillance  systems.  In  particular,  since  (LOS)  sta¬ 
bility  has  been  found  to  be  a  major  performance-limiting  factor  for  a  broad 
class  of  downward -staring  surveillance  systems,  a  technique  proposed  by  D. 
Fried for  reduction  of  the  LOS  jitter  effects  has  been  examined 
and  evaluated  using  the  DIS.  In  the  sections  to  follow,  this  technique  is 
discussed  and  results  from  this  investigation  are  reported,  including 
limits  of  applicability  as  well  as  conditions  under  which  the  best 
performance  is  achieved  for  a  realistic  case. 

2.4.2  Reduction  of  Jitter  Effects 

Moving  targets  are  most  commonly  detected  by  mosaic  sensors  through 
differencing  of  successive  frames.  Unfortunately,  the  changes  in  the  de¬ 
tectors*  output  are  not  due  only  to  moving  or  changing  targets,  but  also  to 
jitter  and  drift  of  the  sensor  LOS  and  to  detector  noise.  Under  certain 
conditions,  there  is  some  retrievable  information  about  the  jitter  in  the 
sequence  of  frame  outputs  from  the  detector  array.  Assume  that  the  focal 
plane  data  rate  is  higher  than  the  cut-off  frequency  of  the  jitter,  and  the 
jitter  amplitude  is  much  smaller  than  the  spatial  resolution  of  the  sensor 
optics /detector .  Then,  in  the  eUosence  of  detector  noise,  the  movement  of 
the  sensor  between  two  arbitrary  frames  C2m  be  estimated  and  this  estimate 
used  to  correct  the  output  before  further  processing  to  extract  the  target. 

2. 4. 2.1  Jitter  Estimation 

The  estimation  method  used  is  essentially  that  proposed  by  D.  Fried, 
et.  al.,  and  will  be  briefly  reviewed  here.  Figure  2-27  is  a  schematic  of 
a  portion  of  the  mosaic  array  which  has  moved  by  6x  and  Sy  berween  two 
frames  at  times  t  and  t*  respectively. 


If  S;^,t'^  Sg^^Crespectively, 

are  the  voltage  output  of  adjacent  detectors  A  emd  B  at  time  t  (respec- 


is  a  good  estimate  of  the  displacements  fix.  The  symbols  <  >  represents  the 
averaging  operator  over  a  portion  of,  or,  perhaps  the  entire,  focal 


plane.  A  similar  expression  can  be  obtained  for  Sy  using  pairs  of 
detectors  A  and  C.  with  the  same  restrictions  as  before,  it  follows  that 
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and  thus 


(2-60) 


The  first  goal  of  this  worlc  is  to  simulate,  with  realistic  scenes,  jitter 
and  detector  noise  data,  the  estimation  of  LOS  jitter  from  the  detector 
output.  Proper  mechanization  considerations  of  the  focal  plane  with 
respect  to  the  dynamic  range  problem  and  A/D  conversion  are  also  included 
because  these  factors  have  a  strong  influence  on  the  results. 


2. 4. 2. 2  Correction  of  Jitter  Effects 

Depending  on  the  scenario  selected,  there  are  several  ways  of  imple¬ 
menting  the  correction  of  the  jitter  effects.  One  method  is  to  employ  a 
stabilization  mirror  with  a  feedbacic  using  the  estimated  values  of  the 
jitter,  but  this  approach  may  be  difficult  to  implement  in  the  case  of 
sensors  with  a  wide  field-of-view.  The  method  selected  here  accomplishes 
the  correction  through  data  processing.  It  has  the  advantage  of  allowing 
for  localized  correction  of  the  jitter  effects  when  the  field-of-view  is 
large  and/or  the  aperture  is  large  and  requires  segmentation  of  the  optical 
elements . 

A  combination  of  Bqs.  (2-54),  (2-55),  (2-56),  (2-58)  and  (2-59) 
could  be  used  to  solve  for  a  and  8  after  replacing  6x  and  6y  by  their  esti¬ 
mates  ^  and  Sy.  Equation  (2-54)  assumes  linearity  over  a  small  range,  but 
Eqs.  (2-55),  (2-56),  (2-58)  and  (2-59)  assume  linearity  of  the  detector 
output  over  a  much  larger  range,  implying  either  no  high  spatial  frequency 
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content  in  the  background  or  a  large  (PSF)  compared  to  the  pixel  size. 
Realistic  simulation  studies  of  surveillance  systems  in  which  LOS  jitter  is 
a  major  performance-limiting  factor  have  shown that  rarely,  in  fact, 
is  either  one  of  these  conditions  ever  realized.  One  reason  they  can  be 
used  to  obtain  estimates  and  2y  is  because  of  the  averaging  process 
involved  in  their  calculation.  Consequently  it  is  desirable  to  use  only 
equations  similar  to  Bq.  (2-54).  In  Bqs.  (2-54),  (2-55),  (2-56),  (2-58) 
and  (2-59),  the  values  of  a  and  0  are  time  dependent,  but,  if  the  drift  is 
slow  enough  so  that  over  a  certain  time  interval  T  the  LOS  position  has  not 
changed  more  th£m  a  fraction  of  the  pixel  size,  then  a  and  8  c£m  be  assumed 
to  be  constant  during  that  time  interval.  In  this  case  a  and  B  are  deter¬ 
mined  for  each  detector  using  a  sequence  of  operations  like  Eq.  (2-54)  at 
times  t,  t  +  At,  ...,  t  +  nAt  (nAt  «  T)  with  a  least-squares  procedure. 
When  using  this  method,  the  scene  itself  and  the  responsivity  of  the  detec¬ 
tors  are  assumed  not  to  change  during  that  time  interval.  The  correction 
will  be  applied  during  the  interval  T  using  values  of  a  and  B  which  have 
been  calculated  only  during,  the  interval  nAt.  This  is  critical  since,  in 
this  manner,  the  target  information  will  not  be  lost  except  for  the  pixel 
containing  the  target  at  the  time  of  the  least-squares  calculation.  Even 
for  this  pixel,  if  the  least-squares  procedure  is  done  on  a  sequence  short 
enough  compared  to  the  dwell  time  of  the  target  over  a  detector  pixel,  the 
target  information  is  only  partially  lost. 


This  correction  scheme  is  inserted  after  the  A/D  conversion  follow¬ 
ing  the  focal  plane  simulation  and  prior  to  any  temporal  frame  integration 
that  might  be  employed  to  match  target  dwell-time  to  overall  frame-time. 
After  frame  integration,  information  about  the  jitter  would  be  buried  more 
deeply  in  the  output  data. 

2.4.3  Application  To  A  Representative  Surveillance  Problem 

Consider  a  point-source  target  moving  across  a  scene  such  as  the 
Santa  Cruz  region  (Figure  2-28).  For  a  typical  mission,  scenario  and  sen¬ 
sor  configuration,  the  dependence  (as  found  from  simulation)  of  threshold 
contrast  intensity  for  target  acquisition  on  the  level  of  LOS  jitter  t>e- 
haves  as  illustrated  in  Figure  2-29.  A  realistic  level  of  focal  plane 


noise  has  been  included,  and  LOS  drift  effects  have  been  shown  for  two 
representative  values.  The  target  image  is  assumed  to  be  perfectly  phased 
with  respect  to  the  focal  plane,  i.e.,  trajectory  following  the  middle  of  a 
row  of  detectors  and  dwell  time  matched  to  frame  time.  The  SET  and  NET 
represent  the  system-equivalent  target  and  noise-equivalent  target  after 
third-order  differencing.  The  threshold  intensity  curve  is  for  the  lowest 
contrast  intensity  allowing  track  formation  with  a  criterion  of  12  hits  out 
of  14  consecutive  frames.  Figure  2-29  shows  that  the  detection  of  the  tar¬ 
get  is  limited  by  detector  noise  and  jitter  effects.  It  is  a  realistic 
scenario,  and  because  of  the  detector  noise  It  is  a  stressing  case  for  the 
jitter  suppression  technique.  Figure  2-30  shows  some  details  of  the  pro¬ 
cessor  behavior  as  a  function  of  the  threshold  used  after  third-order  dif¬ 
ferencing.  It  can  be  seen  that  the  target  is  acquired  when  the  threshold 
is  selected  such  that  the  number  of  pixels  showing  a  false  hit  is  about  7% 
of  the  total  number  of  pixels. 

The  PSF  used  for  this  case  was  a  two-dimensional  Gaussian.  Most  of 
the  results  presented  below  are  for  a  PSF  with  91%  of  the  energy  included 
in  one  detector  v4ien  the  center  of  the  PSF  is  at  the  center  of  the 
detector.  In  some  cases  a  comparison  has  been  made  with  a  large  PSF  for 
which  this  value  is  46%.  Figure  2-31  shows  the  percentage  of  irradiance 
over  the  neighboring  pixels  for  those  two  PSFs. 

The  jitter  information  was  derived  from  power  spectral  density  (PSD) 
data  obtained  from  a  representative  third  generation  gyro  (TGG)  manufac¬ 
tured  by  the  C.S.  Draper  Laboratory  (CSDL) .  To  this  data  was  added  a  5  Hz 
roll  off  to  simulate  platform  damping  corresponding  to  a  representative 
attitude  control  loop.  Figure  2-32  shows  the  PSD  of  the  TGG,  the  PSD  of 
the  TGG  with  the  5  Hz  roll  off  and  the  spectrum  of  the  jitter  sampled  at  80 
frames/sec.  The  high  frequency  increase  of  the  sampled  data  is  created  by 
the  aliasing  due  to  the  sampling  and  correctly  reproduces  what  happens  in 
the  actual  equipment.  The  low  frequency  discrepancy  has  no  effect  on  the 
results  because  it  is  included  separately  as  the  drift.  When  the  jitter 
time-history  is  averaged  to  obtain  10  samples  per  second,  the  PSF  is  broad¬ 
ened  accordingly  to  compensate.  Figure  2-33  shows  a  time  sequence  of 
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Figure  2-32.  Line-of-sight  jitter  model. 
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Figure  2-33.  Graphical  illustration  of  line-of-sight  jitter  time 
histories  derived  from  the  jitter  model. 
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jitter  displacements  used  in  the  simulation.  In  summary,  the  LOS  perturba¬ 
tions  are  simulated  by  using  a  linear  drift  corresponding  to  the  low  fre¬ 
quency  LOS  perturbation,  a  jitter  corresponding  to  the  mid-range,  and  a 
broadening  of  the  PSF  corresponding  to  the  high  frequency. 


The  focal  plane  model  is  that  of  a  generic  planar  hybrid as 
illustrated  in  Figure  2-34.  It  is  based  on  realistic  noise  characteristics 
and  trans impedance  data.  The  fixed  pattern  noise  due  to  non-uniformity  of 
the  transimpedance  is  also  included.  In  this  mechanization,  a  dc  bias  with 
reset  is  included  to  increase  the  dynamic  range  of  the  focal  plane.  The 
reset  information  is  kept  in  memory  so  that  a  signal  restoration  can  be 
performed  after  A/D  conversion.  Note  that  the  signal  information  can  be 
restored  for  all  but  the  first  frame  unless  a  calibrated  reference  voltage 
corresponding  to  a  known  input  photon  flux  is  used  as  bias. 


Figure  2-34.  Generic  planar  hybrid  focal  plane  model. 

2.4.4  Results 

In  order  to  make  the  correction  scheme  possible,  some  of  the  hard¬ 
ware  parameters  of  the  focal  plane  must  be  appropriately  selected.  For  the 
estimation  of  the  jitter,  the  information  regarding  the  spatial  slope  of 


the  pixel  output  as  a  function  of  position  must  be  preserved.  Therefore 
the  reset  function  must  be  suppressed.  This  is  achieved  by  selecting  an 
initial  reference  voltage  approximately  equal  to  the  mid-value  over  the 
array  of  the  voltage  outputs  of  the  multiplexer  for  the  scene  considered 
and  by  selecting  eui  off-chip  amplifier  gain  small  enough  so  that  no 
detectors  reach  saturation.  This  second  point  creates  the  need  for  a  finer 
discretization  level  in  the  A/D  conversion  process.  For  the  scenario 
considered,  it  was  necessary  to  go  from  a  quantization  of  10  bits  to  13 
bits .  An  heterogeneous  background  like  the  Santa  Cruz  coastal  area  which 
includes  highly  structured  land  as  well  as  relatively  benign  sea  regions  is 
a  stressing  background,  because  of  the  dynamic  range  involved,  but  the  off- 
chip  amplifier  gain  required  was  still  within  realistic  limits. 

The  focal  plane  of  a  wide  angle  sensor  is  typically  divided  into 
subjnodules  of  64  x  64  pixels.  The  estimation  of  the  jitter  for  a  submodule 
can  be  achieved  with  a  smaller  portion  of  the  focal  plane  in  order  to 
reduce  the  computational  load.  It  was  found  that  a  window  of  20  x  20 
pixels  was  sufficient,  but  for  convenience  a  window  of  25  x  25  pixels  was 
used  in  order  to  deal  with  only  one  window  size  for  estimation  and 
correction.  Such  a  size  allows  the  tracking  of  a  target  in  a  meaningful 
way.  To  further  reduce  the  computational  load  and  improve  the  quality  of 
the  estimation,  pairs  of  detectors  which  produce  a  small  value  of  the 
denominator  in  Bqs.  (2-57)  and  (2-60)  were  not  included  in  the  estimation. 
Also,  if  the  value  of  the  estimated  jitter  for  a  certain  frame  is  small,  no 
correction  is  applied  for  that  frame. 

Several  methods  can  be  devised  to  reduce  the  computational  load  of 
the  correction  calculation.  The  pixels  for  which  ja6xj  and  |B6yj  are  small 
do  not  need  to  Ije  corrected,  but  knowing  the  range  of  6x  and  6y,  it  might 
lie  simpler  to  create  a  table  of  pixels  for  which  and  SSy^,  are 

smaller  than  a  predetermined  value,  6x^  and  6yj,  laeing  for  example  esti¬ 
mated  upper  limits  for  95%  of  the  cases.  More  work  is  needed  in  order  to 
find  the  optimum  situation. 


A  Study  of  the  influence  of  the  PSF  size  has  shown  that  the  large 
PSF  (see  Figure  2-31)  allows  a  25%  improvement  in  clutter  reduction  com¬ 
pared  to  the  small  PSF.  For  the  remainder  of  the  study,  the  more  realistic 
small  PSF  was  used. 

For  the  Santa  Cruz  background,  it  was  found  that  the  fixed  pattern 
noise  induces  a  reduction  of  the  estimated  value  of  the  jitter,  and  there¬ 
fore  a  poorer  correction  when  compared  to  an  homogeneous  background.  The 
reason  is  that  the  fixed  pattern  noise  is  confused  with  spatial  variations 
of  intensity  over  the  sea  portion  and  the  intensity  should  vary  when  there 
is  jitter.  As  the  intensity  does  not  vary  with  time  but  for  the  noise,  the 
estimator  concludes  that  there  is  no  jitter  and  lowers  the  output  of  the 
averaging.  The  results  presented  here  were  generated  with  a  detector 
responsivity  randomly  distributed  over  the  focal  plane  area  according  to  a 
Gaussian  distribution  with  a  sigma  value  of  15  percent. 

The  jitter  correction  scheme  was  used  for  a  range  of  rms  jijtter 
values  from  0.1  to  1  microradians .  In  this  range  it  is  found  that  the 
effect  of  the  correction  scheme  is  about  equivalent  to  a  reduction  of  the 
jitter  by  a  factor  of  five. 

Figures  2-35  and  2-36  show  in  a  pictorial  way  an  example  of  the 
results  of  the  detection  and  tracking  of  three  targets  over  the  Santa  Cruz 
area  with  an  average  contrast  intensity  equal  to  the  limiting  value  shown 
on  Figure  2-29  for  an  rms  jitter  level  of  0.1  microradians.  "nie  numbers 
correspond  to  the  track  number  in  the  track  file,  and  the  plus  signs  cor¬ 
respond  to  pixel  locations  which  are  used  by  several  tracks .  The  three 
targets  are  selected  such  that  there  is  no  velocity  mismatch  column-wise 
(i.e.,  in  the  horizontal  velocity  component).  The  tracks  are  crossing,  but 
the  targets  are  not  crossing.  The  improvement  in  the  tracking  of  the  two 
targets  travelling  above  the  land  area  can  be  seen.  The  target  following 
the  coastline  is  not  detected,  but  observation  of  the  intermediate  results 
shows  that  this  target  could  reach  the  status  of  12  hits  out  of  14  possible 
hits  given  a  longer  observation  period.  For  comparison  the  results  for  the 
same  case  are  shown  with  ideal  shot  noise  only.  After  correction  the  three 


targets  are  perfectly  tracked,  which  indicates  that  the  process  of  tracking 
a  target  after  jitter  correction  is  noise  limited. 


2.4.5  Conclusions 

The  computational  correction  of  jitter  effects  appears  effective  for 
the  detection  and  tracking  of  moving  targets  such  as  aircraft  from  a  space- 
based  sensor.  This  work  is  still  in  progress,  and  better  and  more  complete 
results  are  expected  by  optimizing  some  of  the  parameters  used  in  the 
jitter  estimation  and  correction.  It  has  also  been  shown  that  the  DIS 
simulation  can  be  of  value  to  the  designer  of  space-based  sensors. 


Figure  2-35.  Coastline  and  target  trajectories 
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Figure  2-36.  Content  of  track  file  after  25  frames  of  input  (19 
frames  of  third  order  differencing: 

A  -  Real  noise  before  jitter  effect  correction  (JEC) 

B  -  Real  noise  after  JEC 

C  -  Shot  noise  before  JEC 

D  -  Shot  noise  after  JEC 
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APPENDIX  1 


SIGNAL  PROCESSOR  SIMULATION  USER'S  GUIDE 


The  simulation  user  has  a  menu  of  variables,  listed  below,  vdiich 
allow  for  a  number  of  different  processor  configurations.  In  addition, 
minor  changes  to  the  simulation  can  also  be  made  to  allow  for  different 
processor  configurations. 


lOPT;  Difference  Order 

0  >  zeroth  order 

1  »■  first  order 

2  =  second  order 

* 

3  =  third  order 

BOPT:  Threshold  Level  Selection 

1  «  read  in 

2  >  NE  X  TNR 

3  3  standard  deviation  of  entire  frame  x  TNR 


LHRES:  Acquisition  Algorithm 

0  >  low  resolution 
1  *  high  resolution 


DORDER:  Difference  Order  used  for  Low  Resolution  Noise 

Estimate 

1  >  first  order 

2  >  second  order 

3  ■  third  order 


88 


%  •-  v 


TOPT; 


TPATRN: 

IRET: 

IPOUT; 

ICFAR: 

CFARN: 

KNTLIM: 

lOXTRA: 

IPEAK: 


Thresholding  Polarity 
-1  >  negative  contrast 
+1  »  positive  contrast 
0  =  both 

l^resholding  Option 
0  =  simple 

1  =  HAC  MTD 

2  =  CSDL  MTD 

3  s  idealized  MTD 

Rationalized  Exceedance  Option 
0  =•  no 

1,2,3  °  rational  exceedance  thresholding  1,2,3 

Output  to  Image  Processor  Files 
0  s  no 
1  -  yes 

CFAR  Loop  Control  of  Threshold  Level 
0  »  no 
1  »  yes 

Optimum  Number  of  Hits  for  CFAR  loop 

Maximum  Number  of  CFAR  Loop  Iterations  per  Frame 

Extra  Data  Option 
0  =  no  print 
1  ■  print 

Centroid  Option 
0  >  use  whole  centroid 
1  «  use  only  peak  value 


JCENT:  Cluster/Centroid  Basis 

1  «  raw  data 

2  «  differencing 

3  *  threshold  exceedance 


NPDROP:  Minimum  Number  of  Points  Needed  to  Perform 

Least  Squares  Test  or  Correlation  Coefficient  Test 


MINHT1,  MAXFR1,  MINHT2,  MAXFR2: 

MINHT1  out  of  MAXFR1  criterion  for  system  track 
HINHT2  out  of  MAXFR2  criterion  for  acquired  track 


NSUBL:  Number  of  Subframes  per  Frame 


NSUBF:  Number  of  Frames  used  for  Noise  Estimate 


LSCC:  Track  Discrimination 

0  <■  least  squares 
1  a  correlation  coefficient 


DHAX/RMIN:  Maximum  Allowed  Variance  from  Least  Squares 
/Minimum  Allowed  Correlation  Coefficient 

HAFLEV:  Factor  by  Which  Threshold  is  Reduced  (or  Increased) 

for  Pixels  in  System  Track  Search  Gate 

GAMIA:  Exponent  for  CFAR*Loop  Feedback 

XKAPPA:  Multiplier  for  CFAR  Loop  Feedback 

TNR:  Itireshold  to  Noise  Ratio  used  to  Compute  Noise 

Estimate  Threshold  Level 

B:  User  Input  Threshold  Level 
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INFIL:  Number  of  File  Containing  Target  and  Background 

Data  to  be  Read  in,  Frame  by  Frame 

MF,NF:  Input  Data  Set  Dimensions 

MFC, NFC:  Number  of  Rows  and  Columns  Used 

MIjR,NLR:  Number  of  Rows  and  Columns  of  Low/High  Resolution  Data  Produced 

KFN:  Number  of  Frames  Used 

KX:  Output  Device 

IR:  Row  Offset 

JC;  Column  Offset 

KOFFS;  Frame  Number  Offset 


XNUIjT:  Pixel  Multiplication  Factor 


APPENDIX  2 


EFFECTS  OF  TARGET  PHASING  ON  SIGNAL  PROCESSOR  PERFORMANCE 


The  following  examples  of  raw  data  2md  the  resultant  first-, 
second-,  and  third-order  differences  show  the  effects  of  phasing.  A  target 
is  said  to  be  out  of  phase  when  its  appearance  in  a  given  pixel  is  split 

between  two  frames  (even  though  the  actual  period  of  time  that  it  dwells  in 

the  pixel  is  equal  to  length  of  the  frame  time).  A  target  is  in  phase  when 

it  appears  in  a  given  pixel  for  one  frame  only. 

In  the  following  examples  the  appearance  of  a  target  is  split 
between  the  fourth  and  fifth  frames.  The  examples  are  labeled  by  the  ratio 
of  the  time  spent  by  the  target  in  the  fourth  frame  to  the  time  spent  in 
the  fifth  frame;  for  instance,  60:40  phasing  means  that  the  target  was  in 
the  pixel  for  60%  of  frame  four  and  40%  of  frame  five.  The  background  is 
assumed  to  be  zero  for  simplicity. 


Example  1  -  100:0  Phasing 


DATA  0 

FIRST  0 

SECOND 

TMIRO 


Example  2  -  95:5  Phasing 


DATA 


FIRST 


SECOND  0  95 


THIRD  -95 


0 


Example  3  -  90; 10  phasing 


DATA 


FIRST 


90 


SECOND 


0 


Example  7  —  70:30  Phasing 


DATA  0 

FIBST  0 

SECOND 

THIRD 


Example  8  -  65; 35  Phasing 


DATA  0 

FIRST  0 

SECOND 

THIRD 


Example,  9  -  60:40  Phasing 


0 

0 


0 

0  LATE 


0 

0  LATE 


Example  li)  -  55:45  Phasing 


© 


0 


0 


0  LATE 


0 


-30  -ao 


Example  11  -  50:50  Phasing 


©  © 


0  TWICE 


0  -50 


0  0 


0 


0  LATE 


0  TWICE 


TOIRO  -SO 


0 


0  -XOO  50  EARLY 


Example  12  -  45:55  Phasing 


0 


-<^S  -10 


THIRD  -45 


45  -35 


0 


0 


© 


30  -120  55 ,  EARLY 


Example  16  -  25:75  Phasing 


DATA  000 

FIRST  0  0 

SECOND  ,  0  25 

THIRD  -25 


25 


0  0  0 

'  0  0 
75  0 

75 


Example  17  —  20:80  Phasing 

DATA  0  0  0  20 

FIRST  0  0  -20 

SECOND  0  20  40 

THIRD  -20  -20 


0  0  0 

0  0 

00  0 

00 


Example  18  -  15:85  Phasing 

DATA  0  0  0  15 

FIRST  0  0  -15 

SECOND  0  15  55 

THIRD  -15  -40 


0  0  0 

0  0 


-240  05 
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Example  19  -  10:90  Phasing 


data  000 

FIRST  0  0  -10 

SECOND  0  10 

THIRD  -10  -AO 


Example  20  -  5:95  Phasing 

DATA  000 

FIRST  0  0-5 

SECOrO  0  5 

THIRD  -5  -60 


Example  21  -  0:100  Phasing 


DATA  000 

FIRST  000 


SECOND 


0 


0 


SECTION  3 


GENERIC  REQUIREMENTS  EOR  ROFT  PROGRAM 


3.1  Introduction  and  Approach 

3.1.1  Introduction 

The  development  of  space-based  infrared  surveillance  systems  and 
space-based  lasers  is  subordinated  primarily  to  the  availability  of  very 
large,  high  precision  optics.  Current  technology  and  existing  facilities 
cannot  produce  in  a  timely  fashi&n  high  performance  mirrors,  both  in  quali¬ 
ty  and  quantity,  to  respond  to  the  needs  of  the  systems  envisioned.  The 
Rapid  Optics  Fabrication  Technology  (ROFT)  Program  will  attempt  to  discover 
and  develop  technologies  which  will  significantly  decrease  the  time  it 
takes  to  make  such  cities.  The  goal  of  the  ROFT  program  is  to  make  possi¬ 
ble  a  significant  increase  in  mirror  production  rate,  from  the  traditional 
one  square  meter  per  year  to  about  100  M^  per  year.  Such  an  increase 
represents  a  giant  step  forward  and  it  will  be  necessary  to  exhaust  all 
possible  avenues  capable  of  enhancing  rapid  fabrication  procedures  of  high 
quality  optics. 


0 


The  technology  has  been  developed  to  make  single  mirrors  having 
acceptable  weight  and  appropriate  performance  characteristics  for  laser  and 
multi -mission  surveillance  systems.  Programs  like  HALO  and  LAMP  recently 
have  demonstrated  the  ability  to  make  mirrors  capable  of  controlling  their 
figure  to  the  required  surface  accuracy  under  the  disturbances  of  both 
orbital  and  control  environments.  The  design  of  these  mirrors  was  preoc¬ 
cupied  mainly  with  adequate  performance  in  orbit,  but  did  not  address  the 
question  of  making  these  high  quality  optica  in  large  quantities.  Signifi¬ 
cant  departures  in  the  design  approach  and  in  the  fabrication  procedures  of 
these  mirrors  must  be  incorporated.  In  attempting  to  achieve  the  desired 
high  rate  of  production,  new  technology  must  be  concerned  with  each  step  of 
the  mirror  fabrication  process:  material  production,  blank  fabrication, 
mirror  generation,  grinding,  polishing,  metrology  and  assembly.  In  order 
to  remain  completely  general  in  its  approach,  the  ROFT  program  will  also 
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address  unconventional  system  concepts  which  could  have  the  potential  to 
circumvent  the  need  for  large,  high-quality  traditional  mirrors.  Addition¬ 
ally,  some  effort  will  be  channeled  towards  the  rapid  development  of  opti¬ 
cal  metering  trusses  since  the  fabrication  here  is  also  crucial,  but  not 
nearly  as  much  as  for  the  mirrors. 

3.1.2  Objective  and  Approach 

The  overall  objective  of  this  CSOL  effort  is  to  provide  broad  re¬ 
quirements  ^md  constraints  for  the  mechanical,  thermal  and  optical  prop¬ 
erties  of  materials  envisioned  for  the  design  and  fabrication  of  new  optics 
concepts.  Specifications  on  the  structural  assemblies  insuring  proper 
relative  position  of  various  optical  elements  also  need  be  determined.  Due 
to  significant  differences  in  operating  modes,  the  main  telescope  of  the  . 
IR-type  system  calls  for  different  requirements  than  those  associated  with 
the  beam  expander  structure  of  a  space-based  laser.  It  is  understood  that 
this  study  ,  which  is  a  subset  of  the  ROFT  program  plan,  provides  only  gen¬ 
eric  specifications  so  as  not  to  restrict  the  freedom  of  the  designer  in 
his  attempt  to  develop  a  new  technology.  These  broad  material  and  config¬ 
urational  requirements  should  allow  ample  latitude  in  trading-off  material 
properties  and  structural  concepts,  and  thus  enhance  the  chances  for  the 
successful  development  of  a  rapid  fabrication  process  while  insuring  ade¬ 
quate  optics  performance  under  the  expected  orbital  and  control  environ¬ 
ments. 


In  addressing  the  design  of  the  space  mirrors,  two  distinct  applica¬ 
tions  have  been  considered:  (a)  optics  appropriate  for  use  as  the  main  op¬ 
tics  in  an  infrared  (IR)  surveillance  system;  (b)  optics  appropriate  for 
use  as  the  primary  mirror  of  a  beam  expander  for  a  space-based  laser  sys¬ 
tem.  The  incident  flux  in  the  aperture  plane  of  the  IR  system  differs 
greatly  from  that  of  a  laser.  The  first  case  (IR)  requires  an  operating 
temperature  of  about  ISO*  K  and  the  flux  received  from  the  earth  was 
assumed  to  be  10  W/M^  for  visible  wavelengths  and  5  W/M^  for  the  infra¬ 
red  portion  of  the  spectrum.  A  laser  system,  however,  operates  at  a  temp¬ 
erature  of  200*  K  to  400*  K  and  an  incident  flux  representative  of  such 
systems  was  assumed  to  be  40  lOir/m^  at  2.8  |im  wavelength.  Absorptance 


values  might  vary  from  10%  for  IR  surveillance  systems  to  less  than  1%  for 
laser  applications.  This  important  difference  between  these  twa  conditions 
necessarily  lead  to  two  different  requirements  on  the  thermal  properties  of 
mirror  materials. 

In  a  similar  way  the  telescope  of  a  surveillance  system  and  the 
metering  structure  of  a  be^tm  expander  must  perform  under  very  different 
operating  conditions.  While  the  telescope  is  exposed  to  relatively  small 
dynamic  disturbances  (e.g.,  cryo-cooler  wheel  imbalance),  the  beam  expander 
must  operate  in  the  presence  of  large  vibrational  inputs  from  laser  firing 
and  also  point  accurately  a  few  seconds  after  a  rapid  slew  maneuver.  De¬ 
sign  ratio  values  for  these  two  structures  will  reflect  this  major  differ¬ 
ence. 

The  general  requirements  for  mirror  materials  for  both  applications 
are  that  the  mirror  surface  be  of  good  optical  properties.  These  materials 
should  have  a  very  low  coefficient  of  thermal  expansion  and  a  very  small 
variation  of  this  coefficient.  They  should  exhibit  a  low  density  combined 
with  a  high  modulus  of  elasticity  jund  micro-yield  strength.  A  very  impor¬ 
tant  requirement  for  the  ROFT  program  is  that  a  proposed  mirror  material 
must  be  amenable  to  rapid  fabrication  or  replication  at  low  cost  and  remain 
within  reasonable  weight  constraints.  Finally  the  mirror  concepts  must  be 
deployable  in  space  and  exhibit  very  little  outgassing. 

3.2  Materials  for  Space  Optics 
3.2.1  Introduction  and  Approach 

The  performance  of  a  large  high  precision  space  mirror  is  subor¬ 
dinated  to  a  number  of  variables  that  are,  in  some  cases,  closely  interre¬ 
lated.  Starting  with  the  definition  of  a  structural  concept,  fabrication 
and  assembly  procedures  must  be  devised  so  as  to  permit  the  rapid  produc¬ 
tion  of  the  mirror.  In  addition  the  material  selected  must  exhibit  opti¬ 
cal,  elastic  and  thermal  properties  that  will  Insure  an  acceptable  perform¬ 
ance  for  the  mirror  exposed  to  the  rigors  of  environmental  and  control  dis¬ 
turbances.  Figure  3-1  attempts  to  illustrate  more  graphically  the  impact 
of  various  parameters  on  the  ultimate  mirror  performance.  While  each  of 


the  four  categories  is  important  and  deserves  careful  attention,  the 
present  study  deals  only  with  the  impact  of  material  properties  by 
examining  their  contributions  to  mirror  performance. 


In  order  to  evaluate  mirror  structural  performance,  loadings  must  be 
established:  guidelines  have  been  assumed  for  the  environments  expected 
for  IR  surveillance  systems  and  laser  applications.  Table  3-1  provides  key 
values  for  operational  and  soak  temperatures,  absorbed  flux  and  some  mea¬ 
sure  of  dynamic  disturbance  for  each  system.  Note  the  major  differences 
between  the  absorbed  flux  of  IR  and  laser  system  (ratio  of  40,000)  that 
will  be  reflected  in  the  respective  material  constant  requirements. 

Table  3-1 .  Assumed  operating  conditions  for  IR 
and  laser  cases. 


DESCRIPTION 

IR 

LASER 

-  OPERATING  TEMPERATURE  Tq 

150“  K 

O 

o 

Lf\ 

-  SOAK  TEMPERATURE  iTy 

150“  K 

50“  K 

-  ABSORBED  FLUX  Q 

U.Ol  W/m2 

400 

-  DYNAMIC  FORCE  Fg 

1  H 

10  N 

-  MIRROR  RADIUS  R 

10  M 

lUO  M 

-  OPERATIONAL  WAVELENGTH 

2.7-12  ^M 

0.6-2. 7  tin 

The  optical  systems  studies  typically  place  an  overall  surface  ac¬ 
curacy  requirement  on  the  mirror  surface.  The  total  error  allowed  must  be 
compared  to  the  RSS'ed  value  of  a  number  of  contributors,  from  fabrication 
and  assembly  errors  to  static  and  dynamic  distortions  as  well  as  errors  of 
sensing  and  control  nature.  Figure  3-2  presents  a  list  of  possible  error 
sources  under  four  groups.  The  allocation  of  errors  can  oAly  be  made  once 
a  specific  configuration  is  selected  and  materials  are  determined,  a  fabri¬ 
cation  and  assembly  procedure  is  proposed  and  the  various  thermal  and  dy¬ 
namic  control  schemes  are  decided.  Many  trade-offs  are  possible  between 
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the  various  error  contributors  and  must  be  integrated  into  the  mirror 
design  and  fabrication  decisions. 


The  next  section  examines  mirror  materials  properties  and  their 
ability  to  minimize  static,  thermal  and  dynamic  load  induced  deflections. 

3.2.2  Equations  Relating  Mirror  Distortions  to  Disturbances 

The  performance  of  a  mirror  structure,  regardless  of  its  structural 
concept,  can  be  estimated  from  the  equations  expressing  the  distortions  as 
a  function  of  the  structural  characteristics  and  the  expected  loadings. 

The  mirror  deformation  <S  is  affected  by  the  three  following  contributions: 

(1)  geometry  and  boundary  conditions  of  the  structure  (Fq), 

(2)  the  material  mechanical  and  thermal  properties  (Fm)>  and 

(3)  the  loading  conditions  (Fl)  in  an  expression  of  the  form 

6  =  F  •  F  *  F 

G  M  L 

The  approach  suggested  here  will  attempt  to  uncover  those  material 
properties  (entering  the  equation  through  Fm)  that  affect  most  adversely 
a  mirror  exposed  to  the  various  loading  conditions  expected  in  space  appli¬ 
cations.  It  is  an  easy  task  to  compare  the  effectiveness  of  various  appli¬ 
cable  mirror  materials  if  Fq  and  F^  are  given.  But  this  is  not  the 
case  in  this  investigation.  While  the  disturbances  or  loading  conditions 
(F^)  can  be  relatively  well  defined,  the  factor  Fq  that . involves  the 
structural  concept  and  the  support  conditions  might  vary  significantly  if 
the  mirror  concept  is  to  remain  general.  One  should  note  also  that  the 
mirror  design  concept  influences  greatly  temperature  variations  of  its 
structural  elements  and  thus  indirectly  affects  the  loading.  The  intent  of 
this  discussion  is  to  underline  the  difficulties  involved  in  attempting  to 
remain  very  general  for  mirror  concepts  and  yet  produce  specific  require¬ 
ments  on  material  properties. 

The  behavior  of  a  mirror  is,  for  simplicity,  associated  with  the 
central  deflection  or  sag  6  of  a  thin  circular  plate  with  an  initial 
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curvature  of  radius  R.  Itie  plate  is  assumed  simply  supported  along  its 
periphery.  (See  Figure  3-3)  The  equations  can  be  expressed  either  in 
terms  of  constant  mass  per  unit  area  (m)  or  constant  mirror  thickness  (h) . 
The  "constant  mass"  expression  is  useful  for  comparison  where  the  launching 
cost  factor  is  important.  ‘Rie  materials  evaluation  that  follows  does  not 
Impose  the  constraints  of  constant  mass.  As  a  result  the  designer  can 
enjoy  greater  flexibility  in  his  decisions. 


Figure  3-3.  Mirror  description. 

The  equations  expressing  the  sag  of  a  mirror  due  to  a  uniform  pres¬ 
sure  (examples  are  gravity  and  polishing  loads)  and  the  expression  of  the 
response  of  the  plate  to  a  harmonic  forcing  function  identify  the  same 
material  parameter.  Figure  3-4  provides  the  equations  and  identifies  all 
the  material  constants. 

Figure  3-5  addresses  the  thermal  distortions  in  a  steady-state 
response  while  Figure  3-6  identifies  those  parameters  critical  to  several 
transient  thermal  response  measures. 

A  serious  problem  exists  due  to  laser  beam  spikes  impinging  on  the 
mirror  surface,  the  inhomogeneities  of  the  coefficient  of  thermal  expan- 
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Sion  a  leads  to  a  similar  problem  of  nearly  unpredictable  distortions. 
Figure  3-7  suggests  equations  to  quantify  the  severity  of  the  corresponding 
distortions  in  terms  of  material  properties. 


The  contributors  to  the  total  mirror  sag  need  to  be  added  in  some 
fashion  to  be  compared  to  an  allowable  6,  The  following  inequality  can  be 
proposed  as  a  necessary  condition  for  acceptable  mirror  performance.  Note 
that  the  value  of  the  allowable  fi  is  modified  so  as  to  reflect  the  RSS'ing 
of  the  individual  deformations  as  well  as  the  relationship  between  the  RMS 
value  of  the  mirror  surface  deviations  and  its  central  sag  6. 
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In  this  equation,  individual  material  constants  and  combinations  of 
these  properties  are  identified  as  the  critical  values  in  response  to 
various  disturbances  inputs.  Nhlle  it  would  be  very  useful  to  derive  from 
this  inequality  the  optimum  material  properties,  a  "unique”  solution  is  not 
possible  u  long  as  other  configurational  and  control  parameters  are  not 
defined.  These  difficulties  derive  from  the  insufficient  mirror  concept 
description  and  the  following  uncertainties: 

(a)  Coefficients  Cj^  are  a  strong  function  of  specific  structural 


cannot  be  quantified 


(c)  Gravity  release  term  will  be  impacted  by  manufacturing  and 


assembly  procedures 

(d)  The  equations  used  relate  to  an  idealized  circular  thin  mirror 
face  sheet  model,  simply,  supported  along  its  periphery. 

It  is  possible  to  appreciate  the  major  differences  between  IR  and 
laser  systems  by  comparing  the  values  of  the  constant  for  both  cases. 

In  this  comparison  the  mirror  design  and  materials  used  are  assumed  to  be 
the  same  for  both  applications.  Table  3-2  illustrates  the  importance  of 
each  loading  for  both  IR  and  laser  systems,  by  comparing  the  coefficients 
Ci* 


Existing  materials  often  proposed  for  space  mirror  concepts  are  now 
examined  in  terms  of  their  relative  properties  and  figures  of  merit. 

3.2.3  Material  Properties  and  Figures  of  Merit 

The  equations  presented  above  furnish  the  engineer  with  a  useful 
tool  to  assess  the  respective  merits  of  various  mirror  materials.  It  is 
apparent  that  materials  properties  such  as  a,  &a,  h,  C,  E  and  p  determine 
to  a  great  extent  the  mirror  distortions  likely  to  be  encountered  in  space 
applications.  Tables  3-3  and  3-4  list  34  candidate  materials  and  their 
relevant  properties  at  both  ISO**  K  (IR  applications)  and  350°  K  (laser  sys¬ 
tems).  These  materials  include:  (a)  metals,  (b)  composites,  and  (c)  glassy 
materials.  Some  of  these  materials  are  well  Itnown  while  others  are  devel¬ 
opmental.  While  in  some  cases  properties  were  not  available  and  left  as 
such  (MA) ,  in  others  reasonable  assumptions  could  be  made.  (Aa  was  assumed 
to  be  5%  of  a,  if  not  Icnown.)  Mote  that  the  same  property  value  often 
varies  significantly  between  the  two  operational  temperatures  considered. 

Table  3-5  is  an  attempt  to  place  some  desirable  bounds  on  the  most 
important  material  properties  and  parameters  involving  several  constants. 
Those  are  best  estimates  leased  on  both  analytical  derivations  and 
engineering  experience  with  space  mirror  designs  and  analyses.  It  is 
understood  that  these  constraints  are  not  mandatory  but  can  serve  as 
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reasonable  guidelines  to  initiate  trade-offs  between  them.  Ihe  table  also 
identifies  the  existing  materials  that  exhibit  the  best  properties  in  each 
category. 


In  order  to  appreciate  where  the  existing  material  properties  fall 

with  respect  to  desired  values,  several  plots  relating  critical  parameters 

have  been  generated.  It  is  possible  to  see  more  directly  which  materials 

proposed  for  mirror  applications  fall  within  a  region  of  acceptability. 

For  example.  Figure  3-8  identifies  the  materials  on  the  left  of  the 
2 

)  •  ®.  =  10“^^  line  as  the  most  promising  for  a  IR  surveillance 

E  K 

system.  Figures  3-9,  3-10,  and  3-11  present  similar  plots  for  other  im¬ 
portant  parameters  so  as  to  provide  a  more  direct  insight  into  the  merits 
of  candidate  mirror  materials  and  identify  interesting  groups. 

3.3.  Conclusions  and  Recommendations 

The  objective  of  this  study  was  to  provide  broad  requirements  and 
constraints  for  the  mechanical  and  thermal  properties  of  materials  envi¬ 
sioned  for  the  design  and  rapid  fabrication  of  large  space  mirrors.  By 
inspecting  the  constitutive  equations  relating  mirror  deformations  to  input 
disturbances,  the  relative  importance  of  material  parameters  was  identi¬ 
fied.  It  was  also  recognized  that  the  requirements  on  mirror  material 
properties  can  vary  widely  depending  on  the  space  applications.  Surveil¬ 
lance  systems,  operating  at  cryogenic  temperatures  impose  different  demands 
on  materials  than  do  the  laser  systems  for  which  the  operational  tempera¬ 
ture  is  expected  to  vary  from  300"  K  to  400®  K.  Dynamic  environments  ex¬ 
hibit  significant  differences  as  well,  and  this  difference  may  impact  the 
choice  of  other  properties  on  the  mirror  materials. 

It  must  be  emphasized  that  this  study  did  not  presuppose  a  specific 
mirror  concept  with  defined  structural  and  configurational  characteris¬ 
tics.  While  this  approach  was  intentional  for  the  findings  to  remain 
general,  it  limits  our  ability  to  obtain  specific  requirements  for  the  con¬ 
templated  mirror  materials.  Furthermore  the  effectiveness  of  possible  con¬ 
trols  (whether  thermal  or  mechanical) ,  in  terms  of  relieving  demands  on 
material  properties  can  only  be  evaluated  in  the  context  of  a  defined  mir- 


ror  concept.  As  a  result  only  estimates  on  mirror  material  requirements 
could  be  provided  and  they  have  been  derived  from  simplified  analytical 
expressions  and  engineering  experience  in  the  design,  modelling  and  analy¬ 
ses  of  space  mirrors. 

For  a  large  number  of  existing  and  potential  materials,  that  include 
metals,  composites  and  ceramics,  all  relevant  properties  have  been  tabu¬ 
lated  for  two  extreme  operational  temperatures  ( 1 50®  K  and  350°  K) .  The 
plots  relating  important  material  parameters  can  be  useful  in  delineating 
domains  of  acceptability  for  a  potential  new  material.  One  should  empha¬ 
size  that  the  proposed  material  requirements  should  be  viewed  as  somewhat 
flexible  so  as  to  permit  tradeoffs  between  properties  for  a  particular 
design  concept.  Past  experience  has  shown  that  the  most  likely  candidate 
for  such  a  mirror  will  probably  be  a  thin  face-sheet  on  actuators  supported 
by  a  thermally  stable  substrate.  However,  it  is  hoped  that  dramatic 
changes  and/or  improvements  in  some  thermal  properties,  especially,  might 
lead  to  completely  novel  concepts  that  ultimately  could  be  produced  at  the 
desired  rapid  rate. 

It  should  be  remembered  that  the  objective  of  the  ROFT  program  is 
the  rapid  fabrication  of  high  precision  large  space  optics.  Ihe  results  of 
this  study  can  only  support  this  attempt  by  providing  guidelines  to  the 
designer  and  fabrication  engineer  who  selects  possible  materials.  Ihe  gen¬ 
eric  specifications  on  mirror  materials,  therefore,  Ccui  be  viewed  as  con¬ 
straints  to  the  selection  of  a  material  amenable  to  rapid  fabrication  pro¬ 
cesses.  Many  other  Issues  related  to  optical  and  perhaps  electrical  mate¬ 
rial  properties  need  to  be  considered.  Finally  the  fabrication  process 
could  be  adversely  affected  by  some  mechanical  and  thermal  properties  of  a 
material  that  is  otherwise  acceptable  in  the  final  product. 


SECTION  4 


ACTIVE  CONTROL  OF  FLEXIBLE  SPACE  STRUCTURES~A  PERSPECTIVE 


4.1  Scope 

In  the  remainder  of  Che  present  report,  several  key  topics 
relating  to  the  active  control  of  flexible  space  structures  are  treated 
In  depth.  The  topics  discussed  fall  Into  two  categories:  vibration 
suppression  via  stable  closed-loop  control,  and  Identification  of 
parameters  characterizing  Che  system  dynamics.  The  process  of  active 
control  synthesis  for  attitude  regulation  of  an  optical  system  support 
structure  subject  to  vibrations  Induced  by  wideband  disturbances  Is 
examined  systematically.  In  addition,  the  question  of  closed-loop 
stability  for  sampled-daCa  vibration  controllers  In  general  that  allow 
noncolocatlon  of  actuators  and  sensors  Is  treated.  The  problem  of 
Identifying  Che  spectral  dynamic  characteristics  of  a  flnlte-dlmenslonal 
structural  model  with  closely-spaced  modes  based  on  In-fllghC  observation 
data  Is  discussed  from  a  signal  processing  perspective.  Finally,  the 
problem  of  Identifying  the  parameters  of  an  Inflnlte-dlroenslonal 
structural  model  employing  spline-based  flnlte-dlmenslonal  approximations 
Is  examined.  Applications  to  ACOSS  Model  No.  2  (for  wideband  disturbance 
accommodation)  and  to  a  cantilevered  beam  with  dp  mass  (for  Inflnlte- 
dlmenslonal  parameter  Identification)  are  given.  A  brief  summary  of  the 
results  to  be  reported  Is  given  In  Che  remainder  of  Section  4. 

4.2  Vibration  Control 


The  perceived  need  for  active  control  to  suppress  structural 
vibrations  In  space-based  optical  support  structures  arises  principally 


from  the  Incompatibility  between  precision  pointing  requirements  and  the 
Inherent  dynamic  characteristics  of  the  structure — in  particular, 
characteristic  structural  frequencies  low  enough  to  be  excited  by  an 
attitude  controller,  and  very  light  damping.  The  presence  of  wideband 
disturbances  greatly  aggravates  the  structural  control  problem.  As  a 
consequence,  the  matters  of  determining  reduced-order  dynamic  models  and 
of  selecting  actuators  and  sensors  are  elevated  to  a  level  of  Importance 
comparable  to  that  of  developing  a  feedback  structure  for  the 
controller.  A  systematic  approach  to  examining  the  mutual  Interactions 
among  these  three  key  elements  of  the  overall  control  synthesis  process 
was  developed  for  application  to  the  problem  of  wideband  (0-5  Hz) 
disturbance  rejection  with  ACOSS  Model  No.  2.  Initial  results  from  this 
study  were  presented  In  the  preceding  reporting  period.  Observations 
from  further  examination  of  the  synthesis  process  are  reported  In 
Section  5.  The  class  of  allowable  actuators  (together  with  colocated 
sensors  of  -  compatible  type)  Is  enlarged  to  Include  rotational  actuation 
capability.  Using  standard  llnear-quadratic-Gausslan  design  techniques 
for  establishing  controller  feedback  structure,  It  Is  seen  that  the  use 
of  rotational  actuators  gives  comparable  closed-loop  system  performance 
with  substantially  fewer  actuators  than  has  been  obtained  using  actuators 
of  other  types  (l.e.,  translational,  axial).  The  use  of  translational 
actuators  at  the  kinematic  mounts  attaching  the  optical  surfaces  to  the 
support  structure  Is  also  Investigated.  Although  these  locations  seem 
attractive  a  priori,  because  the  variables  to  be  regulated  are 
expressible  as  linear  combinations  of  kinematic  mount  displacements, 
their  employment  as  actuator  locations  leads  to  closed-loop  system 
performance  that  Is  highly  sensitive  to  reduction  In  the  number  of 
actuators,  and  compares  poorly  overall  with  results  obtained  using 
rotational  actuators. 

Previous  work  Initiated  a  study  of  sampled-data  control  for 
flexible  structures  which  employed  the  natural  Eulerlan  models  of  the 
structural  dynamics  (l.e.,  second-order  difference  equations)  Instead  of 


first-order  state  space  models.  In  Section  6,  this  study  Is  expanded  to 
allow  the  use  of  dynamic  feedback  compensation.  The  emphasis  Is  upon 
developing  explicit  conditions  which  guarantee  asymptotic  closed-loop 
stability.  Explicit  conditions  are  not  found  If  the  controller  requires 
an  estimate  of  the  full  state.  However,  it  Is  shown  that  quite  general 
control  laws  can  be  formulated  requiring  estimation  only  of  rate  (or  of 
displacement)  Information  for  which  explicit  stability  conditions  are 
readily  obtained.  The  results  are  based  upon  a  fundamental  stability 
theorem  for  second-order  recursions.  Insight  due  to  the  employment  of 
Eulerlan  models,  In  preference  to  state-space  models,  for  the  system 
dynamics  facilitates  making  such  connections. 

4.3  System  Identification 

At  present,  the  only  feasible  engineering  tool  for  developing 
mathematical  models  for  complex  structures  Is  the  finite  element  method. 
Unfortunately,  for  flexible  structures,  this  method  gives  poor  accuracy 
for  almost  half  of  the  characteristic  structural  frequencies.  Flexible 
structure  controllers  must  therefore  be  relatively  Insensitive  (l.e., 
robust)  to  (deterministic)  uncertainties  In  the  structural  model. 
Robustness  needs  to  be  viewed  from  the  perspective  of  both  stability  and 
performance.  Although  satisfactory  stability  robustness  Is  likely  to 
emerge  from  advances  In  controller  synthesis  approaches,  it  Is  unlikely 
that  satisfactory  performance  robustness  will  be  possible,  when  precision 
performance  Is  required,  without  Incorporating  system  Identification 
processing  as  part  of  the  control  strategy. 

In  Section  7,  an  approach  to  system  identification  directly 
applicable  to  Inflight  parameter  estimation  Is  discussed  In  detail.  The 
work  builds  upon  foundational  study  presented  In  a  previous  report. 
Initial  data  required  for  the  Identification  process  consists  of  a 
discrete-time  response  history  at  each  sensor,  consequent  to  independent 
impulsive  excitation  at  the  location  of  each  actuator  and.  at  the 
anticipated  location  of  each  disturbance.  Identification  processing 
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provides  spectral  Information  (l.e.,  characteristic  frequencies,  damping 
ratios,  and  corresponding  complex  amplitudes)  about  the  system,  and  Is 
tailored  especially  for  structures  with  closely-spaced  natural 
frequencies  and  very  low  damping.  A  unique  aspect  of  the  approach  as 
formulated  previously  and  which  led  to  Che  capability  for  Che  necessary 
high  resolution  was  the  use  of  Che  data-sanpllng  rate  as  a  parameter 
Instead  of  (as  Is  usually  done  when  high  resolution  Is  not  essential)  as 
a  constant  of  the  problem.  The  results  given  In  Section  7  describe 
techniques  for  adequately  dealing  with  Che  problem  of  high  resolution 
Identification  when  the  freedom  to  adjust  Che  sampling  rate  Is  not 
available. 

In  contrast  to  the  preceding  discussion.  It  Is  quite  feasible  to 
develop  continuum  structural  dynamic  models  of  relatively  homogeneous 
structures.  Moreover,  techniques  for  distributed  actuation  and  sensing 
for  such  flexible  structures  are  currently  the  subject  of  serious 
experimental  Investigation  In  hardware.  As  a  result,  the  need  for 
control  and  Identification  strategies  employing  continuum  models  Is 
rapidly  being  transformed  from  a  theoretical  abstraction  Into  a  practical 
reality.  In  Section  8,  a  practical  approach  to  distributed-parameter 
Identification  Is  presented.  The  formulation  of  the  Identification 
problem  Is  based  upon  an  abstract  representation  of  the  partial 
differential  equations  and  boundary  conditions  which  describe  the 
dynamics  of  the  unknown  system.  Using  cubic  spline  functions,  a  sequence 
of  flnlte-dlmenslonal  Identification  problems  Is  generated.  Each  of 
these  problems  Is  solvable  using  wldely-avallable  and  reliable 
mathematical  software.  The  sequence  of  solutions  Is  shown  to  converge  to 
a  solution  of  the  original  continuum  Identification  problem.  The 
approach  Is  successfully  applied  to  a  vibrating  cantilever  beam  having  a 
tip  mass,  whose  structural  model  Is  a  hybrid  system  of  ordinary  and 
partial  differential  equations. 

4.4  Current  Directions 

Substantial  ongoing  work  In  vibration  control,  large-angle  slew 
control,  and  system  Identification  has  not  been  treated  In  the  present 


report.  A  brief  sketch  of  the  nature  of  such  work  Is  as  follows. 
Examination  of  the  synthesis  process  for  vibration  control  under  the 
Influence  of  wideband  disturbances  Is  proceeding  along  several  distinct 
directions.  First,  the  spectral  Identification  process  discussed  In 
Section  7  is  being  employed  to  generate  an  Iterative  refinement  of  the 
reduced-order  model  used  for  design.  Second,  the  constraint  of 
colocation  In  active  transducer  selection  Is  being  eliminated.  Actuators 
are  selected  (as  previously)  for  maximal  influence  upon  optical  line  of 
sight  error,  while  sensors  are  selected  for  maximal  sensitivity  to  the 
unknown  disturbances.  Finally,  robustness-enhancing  modifications  to  the 
llnear-quadratlc-Gausslan  design  technique  are  being  Incorporated.  In 
regard  to  large-angle  slew  control,  previously  reported  results  for 
linear  and  terminal  tracking  are  being  extended  so  as  to  Incorporate 
perturbation  feedback  and  deterministic  disturbance  rejection. 

Although  the  Inflnlte-dlmenslonal  Identification  algorithm 
described  In  Section  8  Is  based  upon  cubic  splines,  it  actually  relies 
upon  qulntlc  splines  to  represent  displacement  because  of  the  choice  of 
state  variables.  At  present,  a  method  Is  being  developed  that  uses  a 
more  direct  approach  than  the  abstract  operator  formulation  and  which 
really  does  use  cubic  splines.  Preliminary  results  Indicate  that  this 
approach  will  perform  as  well  as  the  approach  presented  In  the  present 
report,  but  with  greater  computational  efficiency. 


SECTION  5 


PROGRESS  ON  SYNTHESIS  OF  ACTIVE  CONTROL  FOR 
WIDEBAND  DISTURBANCE  ACCOMMODATION  WITH  ACOSS  MODEL  NO.  2 


5.1  Motivation 

The  control  problem  under  Investigation  for  optical  support 
structures  generlcally  represented  by  ACOSS  Model  No.  2  is  a  severe  one. 
The  structural  model  exhibits  characteristic  frequencies  some  of  which 
extend  down  Into  the  anticipated  attitude  control  band,  others  of  which 
are  very  closely  spaced,  and  it  also  exhibits  very  light  inherent 
damping.  Performance  specifications  for  regulation  of  the  optical  line 
of  sight  are  extremely  tight,  and  they  are  to  be  achieved  In  spite  of  a 
wideband  disturbance  environment.  In  order  to  mount  an  effective  attack 
upon  this  problem,  several  key  elements  of  the  control  synthesis  process 
must  be  carefully  examined — In  particular  with  respect  to  their  mutual 
interactions,  which  are  not  generally  well  understood.  These  elements 
Include:  selection  of  a  structural  model;  selection  of  reduced-order 
models  for  controller  design  and  evaluation;  selection  of  active 
transducers;  and  determination  of  a  feedback  strategy  for  the 
controller.  A  scientific  experiment  to  examine  these  interactions  was 
defined  In  Reference  5-1  and  Initial  results  were  reported  in  Reference 
5-2. 

In  the  present  section,  current  results  from  the  experiment  are 
described  and  specific  directions  of  ongoing  work  are  outlined.  In  orde 
to  make  the  section  reasonably  self-contained,  a  concise  summary  of  the 
experimental  approach  Is  given  In  Section  5.2.  Current  results  are 


described  In  Section  5.3.  These  pertain  principally  to  the  situations 
In  which  the  class  of  actuator  candidates  Is:  (1)  enlarged  to  Include 
nodal  rotation  actuators;  and  (11)  restricted  to  the  degrees  of  freedom 
associated  with  the  mirror  kinematic  mounts.  The  principal  directions  of 
ongoing  work  are  outlined  In  some  detail  In  Section  5.4. 

5.2  The  Experimental  Approach — A  Review 

Motion  of  the  controlled  structure  Is  governed  by  the  following 
equations: 


n  +  2znn  +  -  (*^8^)  u^  +  u, 


(5-1) 


y  -  n 


(5-2) 


(5-3) 


Here  n  =  (hi,***,nn)'^  Is  the  vector  of  modal  coordinates  retained 
In  the  reduced-order  model;  (2  =  dlag(<Ui):  n><n  Is  the  matrix  of 
characteristic  structural  frequencies;  «:  vxn  Is  the  truncation  of  the 
principal-axis  matrix  of  transformation  defining  the  modal  coordinates 
(mode  shapes  of  the  reduced-order  model),  v  being  the  number  of  physical 
generalized  coordinates;  Z  =  dlag(Ci,  ***,^):  matrix  of 

assumed  modal  damping  ratios  representing  Inherent  structural  damping; 

s  (uif  ***iUg|)'^  Is  the  vector  of  Inputs  ,  to  the  actuators; 

T  T 

Up  =  (Wj,***,w.y)  Is  the  vector  of  disturbance  Inputs;  y  =  ^yi»***»yji^ 

is  the  vector  of  outputs  from  the  sensors;  z  =  epEFOCUS^^ 

Is  the  vector  of  optical  system  llne-of-slght  (LOS)  errors  to  be 

regulated;  and  B^:  vxm,  Bq:  vxy,  Cp:  Ixv,  Cy:  txv,  D:  3xv  are  the 

Influence  matrices  associated  with  the  actuators,  disturbances, 

displacement  sensors,  rate  sensors,  and  regulated  variables, 

respectively.  The  superscript  "T"  denotes  matrix  transpose. 


For  the  current  investigation,  structural  parameters  for  Revision  1 
of  ACOSS  Model  No.  2  have  been  chosen  [Refs.  5-3,  5-A],  assuming  uniform 
modal  damping  of  **  0.001.  A  wideband,  disturbance  having  constant- 
amplitude  power  spectral  density  between  0  and  5  Hz  Is  assumed  to  be 
applied  at  node  37  on  the  upper  support  truss  and  node  46  on  the  equipment 
section,  each  In  a  fixed  direction  [Ref.  5-5,  Sec.  2].  The  experimental 
approach  consists  of  examining  the  influence,  upon  the  stability  and 
performance  of  the  closed-loop-controlled  structure,  of  a  sequence  of 
changes  In  various  aspects  of  the  key  elements  (cf.  Sec.  5.1)  of  the 
synthesis  process.  This  approach  leads  to  a  family  of  end-to-end  active 
control  syntheses  which  differ  from  one  another  In  one  or  more  variables 
of  the  synthesis  process  [Ref.  5-1]. 

Selection  of  reduced-order  models  for  design  Is  based  upon  ranking 
of  the  structural  modes  according  to  the  root-mean-square  amplitude  of 
their  response  to  excitation  by  the  disturbances.  A  model  obtained  by 
selecting  any  consecutive  number  (e.g.,  the  first  r)  of  the  highest-ranked 
modes  Is  Invariably  Interlaced;  l.e.,  retains  modes  contiguous  in 
frequency  with  modes  that  are  deleted  by  the  selection  [Ref.  5-2, 

Sec.  2].  Since  the  use  of  Interlaced  design  models  has  led  to  several 
undesirable  consequences  (cf.  Sec.  5.3),  only  contiguous  (l.e.,  not 
Interlaced)  reduced-order  models  are  employed  at  present  for  both  design 
and  evaluation.  In  ongoing  work,  system  Identification  techniques  are 
also  being  used  to  generate  reduced-order  models  for  design,  as  Indicated 
In  Section  5.4. 

Selection  of  actuators  (both  by  function  and  location)  Is  based 
upon  the  least-squares  approximation  technique  described  In  Section  2  of 
Reference  5-2.  Briefly,  one  defines  a  collection  of  actuator 
candidates  whose  elements  are  some  of  the  actuator  modal  Influence  vectors 
•^b^:  nxi  in  Eq.  (5-1),  and  a  collection  ^  of  objective  vectors  whose 

XaOSX  A  T 

elements  are  the  modal  llne-of-slght  error  vectors  b*'  *  a,  _  , 


LOSY  A  T 

b  ■  ♦  ‘^LOSY*  selection  process  extracts  a 
subcollection  cV*  of  ^  and  generates  coefficient  vectors  x',  y'  of 
corresponding  dimension,  that  minimize 


V*’! 

Vy’5 


A*, 

A-. 


k  (b'^S^  -  A*x‘)W°"'' 
^  (b'-osY  -  A'y)Vb''°"'' 


A'x')  and 


A’y’) 


(5-4) 

(5-5) 


respectively,  and  such  that  the  subcollection  a/'  is  minimal  with  respect 
to  acceptable  Increases  in  the  corresponding  minimum  values.  Columns  of 
the  matrix  A*  are  elements  of  the  subcollection  in  some  rearrangement, 
and  W:  nxn  is  a  symmetric  positive-definite  weighting  matrix.  The  results 
reported  to  date  were  generated  subject  to  the  assumption  of  colocated 
force  actuators  and  rate  sensors;  l.e.,  having  selected  force  (or  moment) 
actuators  as  described  in  the  preceding,  a  linear  (or  angular)  rate  sensor 

V 

is  placed  at  each  selected  actuator  location.  The  colocation  assumption 
is  being  relaxed  in  ongoing  work,  as  indicated  in  Section  5.4. 

The  controller  feedback  strategy  used  in  obtaining  the  results 
reported  to  date  is  the  disturbance-rejection  control;  l.e.,  a 
linearrquadratlc-Gausslan  (LQG)  design  in  which  the  structural  model  is 
augmented  with  first-order  dynamic  models  of  each  disturbance  [Ref.  5-5]. 
Adjustments  in  the  feedback  strategy  have  been  deliberately  postponed  in 
order  to  develop  a  deeper  understanding  of  the  Influence  of  reduced-order 
model  selection  and  of  active  transducer  selection  upon  the  overall 
synthesis  process.  Design  iterations  are  terminated  as  soon  as  the 
performance  specifications  listed  below  are  achieved  across  the 
reduced-order  design  model: 


LOSX 


|(zj(Wj),  Zj(w2)  )|  <.  0.05  u-rad 


(5-6) 


LOSY  -  |fz-(w,),  z-(w-  })l  <  0.05  M-rad 


(5-7) 


Here  z^(Wj)  denotes  the  root*inean-8quare  value  of  the  response  In  the  1-th 


component  of  the  optical  system  error  vector  (cf.  Eq.  (5-3))  to  the  j-th 
disturbance  Input  (cf.  Eq.  (5-1)  ]>  and  1*1  denotes  the  usual 
two-dimensional  Euclidean  norm.  By  using  an  expanding  family  of 
contiguous  reduced-order  evaluation  models,  a  maximal  family  with  respect 
to  which  a  particular  controller  Is  stable  Is  Identified.  Restrictions 
Imposed  to  date  upon  the  determination  of  controller  feedback  strategy  are 
being  relaxed  In  ongoing  work,  as  Indicated  In  Section  5.4. 


5.3 


Current  Results 


The  results  reported  In  the  present  section  build  upon  those 
reported  In  Reference  5-2.  Principally,  the  consequences  of  enlarging  the 
collection  ^  of  actuator  candidates  to  include  rotational  actuation 
capability  at  nodes  (of  the  finite-element  model),  and  of  restricting  the 
candidate  collection  to  those  actuators  corresponding  to  the  degrees  of 
freedom  available  In  the  kinematic  mounting  for  the  mirrors,  are 
examined.  Rate  sensors  of  the  corresponding  type  (l.e.,  linear  or 
angular)  are  assumed  to  be  colocated  with  the  various  actuators  selected. 
Transducer  selections  and  corresponding  controller  designs  Incorporating 
rotational  actuators  exhibit  comparable  performance  to  previously  reported 
results  while  requiring  substantially  fewer  actuators.  In  comparison,  the 
apparent  attractiveness  of  kinematic  mount  locations  for  actuator 
placement  Is  dimmed. 


5.3.1  Active  Transducer  Selection 

Previously  reported  results  appear  as  rows  A  through  D  (not 
Including  the  lower  portion  of  row  C)  In  Table  5-1.  Recall  that  the  level 
of  reduction  A  associated  with  a  minimal  selection  Is  defined  by 
A  ~  n  -  p  [Ref.  5-2],  where  n  Is  the  number  of  modes  retained  In  the 
reduced  order  model,  and  p  Is  the  number  of  actuators  retained  In  the 
minimal  selection.  Richness  refers  to  the  richness  of  the  lattice  of 
alternatives  for  elimination  leading  to  a  minimal  selection. 


Nodal  rotation  actuators.  In  example  E,  the  actuator  candidate 
claaa  a/  Is  Initially  enlarged  to  include  nodal  rotation  capability,  in 
addition  to  the  nodal  translation  and  axial  (l.e.  node-connecting) 
actuators  considered  with  example  C.  The  first  observation  Is  the 
surprising  fact  that  such  enlargement  of  a/  does  not  lead  to  a  minimal 
selection  involving  nodal  rotation  actuators.  Instead  the  selections  chat 
emerge  from  Che  reduction  process  coincide  with  those  of  example  C  after 
Che  second  step;  In  particular,  Che  minimal  selection  consists  only  of 
nodal  translation  actuators  as  Indicated  In  Table  5-1  and  shown  in 
Fig.  5-1.  Evidently,  the  rearrangement  of  the  elements  of  u/  generated  by 
the  QR-factorlzatlon  occurring  In  Che  Initial  step  of  Che  reduction 
process  [Ref.  5-2]  Induces  a  partial  ordering  among  the  elements  chat  may 
be  represented  roughly  as  follows: 

A  -  [.a/]  ■  ^translation  *  totatlon  *  ^Axlal  ^  (5  8) 

where  the  matrix  A  displays  Che  elements  of  ^  In  blocks  according  Co  rank 
within  the  partial  ordering  (the  rank  being  nonincreasing  In  proceeding 
from  left  to  right,  both  between  and  within  adjacent  blocks). 

Equation  (5-8)  Is  approximate  in  the  sense  Chat  It  represents  only  a 
predominant  pattern,  not  a  precise  decomposition;  l.e.,  observation 
supports  the  hypothesis  that  the  first  block  contains  predominantly  nodal 
translation  actuator  Influence  vectors,  although  not  exclusively  so,  with 
corresponding  remarks  for  the  other  blocks.  The  relative  placement  of  the 
second  and  third  blocks  in  Eq.  (5-8)  Is  supported  by  a  comparison  of  the 
selections  In  examples  B  and  C. 

Selections  of  nodal  rotation  actuators  are  obtained  by  removing 
nodal  translation  actuators  [corresponding  to  the  initial  block  In 
Eq.  (5-8)]  from  the  candidate  class  xfi ,  The  preselection  produced  by  the 
Initial  elimination  from  the  reduced  candidate  class  Is  shown  In 
Fig.  5-2.  The  presence  of  one  axial  actuator  In  this  selection  shows  that 


LOSX:  6E-7 
LOSY:  3E-5 


Figure  5-1.  Minimal  selection,  example  C. 


LOSX:  0 
LOSY:  0 


Eq.  (5-8)  Is  not  a  precise  decomposition;  on  the  other  hand,  Fig.  5-2 
clearly  supports  the  predominant  pattern  suggested  In  Eq.  (5-8).  The 
(single)  minimal  selection  In  example  E  is  shown  In  Fig.  5-3.  Although 
the  associated  level  of  reduction  Is  quite  large,  this  undoubtedly  Is  due 
In  part  to  the  presence  of  one  actuator  at  node  1001,  the  center  of  mass 
of  the  primary  mirror.  It  Is  unlikely  that  a  rotational  actuator  (e.g.,  a 
control  moment  gyro)  could  be  tolerated  at  such  a  location.  Setting  this 
fact  aside,  however,  a  comparison  of  Figs.  5-1  and  5-3  suggests  that  If 
reducing  the  number  of  actuators  Is  of  great  importance,  rotational 
actuators  may  be  quite  attractive  for  this  reason  alone  (among  others). 

As  discussed  In  Section  5.3.2,  both  selections  lead  to  comparable 
closed-loop  performance. 

Kinematic  mount  actuators.  In  the  finite  element  model,  each  of 
the  four  mirrors  are  represented  as  being  joined  to  the  support  structure 
by  mounting  attachments  at  three  points  (A^,  B^,  Ci),  1  *  P,S,T,F, 
at  which  relative  motion  Is  allowed  only  in  specific  degrees  of  freedom  as 
shown  in  Fig.  5-4.  Subscripts  refer  to  the  primary  (P),  secondary  (S), 
tertiary  (T),  and  focal  plane  (F)  mirrors,  respectively.  <uch  restraints 
serve  to  prevent  the  transmission  of  other  than  rigid-body  motion  between 
the  mirrors  and  the  support  structure  [Ref.  5-4].  The  kinematic  mount 
locations  are  of  potential  Interest  from  the  viewpoint  of  actuator 
placement  since  the  optical  system  error  vector  z  In  Eq.  (5-3)  can  also  be 
expressed  as  a  linear  combination  of  displacements  at  the  kinematic  mount 
locations  [Ref.  5-4].  Using  nodal  translation  actuators  in  the  degrees  of 
freedom  shown  by  Fig.  5-4  as  the  class  a/  of  actuator  candidates  for 
example  KM,  the  Initial  reduction  Is  shown  In  Fig.  5-5  and  the  single 
minimal  selection  Is  shown  In  Fig.  5-6.  Note  that  no  actuators  are 
located  on  the  lower  body  (equipment  section  or  solar  panels)  and  that  the 
minimal  selection  contains  no  y-translatlon  capability. 
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Figure  5-3.  Minimal  selection,  example  E 


and  Evaluation 


The  theory  underlying  the  disturbance  rejection  control  design 
Incorporating  the  LQG  approach  Is  well  known  [Ref.  5-6,  Sec.  .3.6]  and  has 
been  discussed  previously  [Ref.  5-S,  Sec.  4]  In  the  context  of  the  present 
application.  In  order  to  associate  the  design  parameters  that  appear  In 
the  discussion  to  follow,  recall  that  the  (steady-state)  regulator  design 
Is  accomplished  to  minimize 

m 

J  -  /  (z^Qz  +  u^^Ru^)  dt 

where  u^  Is  the  Input  variable  to  the  structure  [Eq.  (5-1))  and  z  Is  the 
variable  to  be  regulated  (here,  optical  system  LOS  error  (Eq.  (5-3))).  The 
matrix  0  -  dlag(q^):  3x3  and  the  scalar  >  0  are  design  parameters; 
the  matrix  R:  m>4n  Is  taken  to  be  the  Identity  matrix.  The  measurement 
equation  Eq.  (5-2),  being  deterministic,  would  lead  to  a  singular  problem 
In  Kalman  filter  design  If  used  as  It  stands.  To  avoid  this  complication, 
the  design  proceeds  upon  the  assumption  that  Eq.  (5-2)  contains  additive 
noise  with  covariance  matrix  where  p^  >  0  Is  small  and 

Is  the  1x1  Identity  matrix. 

Previously  reported  results  appear  as  rows  B  through  D-9A  in 
Table  5-2,  and  should  also  have  exhibited  row  A  as  shown.  The  latter 
represents  a  closed-loop  design  and  evaluation  using  the  Interlaced  design 
model  and  the  axial  actuators  chosen  for  example  A  as  Indicated  In 
Table  5-1.  The  evaluation  demonstrates  that  a  disturbance  rejection 
controller  that  meets  the  specifications  of  Eqs.  (5-6),  (5-7)  when 
connected  across  the  Interlaced  design  model  consisting  of  the  eleven 
modes  7-10,  12-14,  16,  22-24  Is  unstable  when  connected  across  the 
contiguous  closure  (l.e.,  modes  7-24  Inclusive)  of  the  design  model.  Such 
unacceptable  behavior  Is  one  of  the  reasons  for  restricting  attention  to 
contiguous  design  models  In  subsequent  synthesis  trials. 
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The  LQ-controller  designed  for  Example  E  employing  5  rotational 
transducers  meets  performance  specifications  when  connected  across  the 
reduced-order  design  model  using  design  parameters  comparable  to  those  In 
preceding  examples.  Moreover,  It  exhibits  stability  when  connected  across 
a  maximal  contiguous  evaluation  model  that  extends  to  Include  mode  33 
(9,62  Hz).  This  Is  comparable  to  results  from  previous  designs  as 
Indicated  In  Table  S-2,  and  in  particular  improves  significantly  upon 
results  obtained  using  several  minimal  selections  (of  active  transducers) 
much  larger  in  number  (Examples  B  and  D). 

Controller  design  for  Example  KM  first  employed  the  full  set  of  23 
transducers  shown  In  Fig.  5-4.  The  controller  exhibits  stability  when 
connected  across  a  maximal  contiguous  evaluation  model  that  extends  to 
Include  mode  61  (33.75  Hz).  Indeed,  In  an  evaluation  model  extending  to 
Include  mode  100  (127.1  Hz),  the  only  unstable  mode  corresponds  to  mode 
62.  This  evaluation  exhibits  a  marked  Improvement  over  any  previous 
example,  but  Involves  the  use  of  considerably  more  actuators  than  modes. 
Unfortunately,  the  size  of  the  maximal  stable  evaluation  model  is  sharply 
reduced  when  the  17  transducers  shown  In  Fig.  5-5  are  employed,  as 
Indicated  In  Table  5-2.  In  view  of  the  results  of  Example  E,  the  Initial 
apparent  attractiveness  of  the  kinematic  mount  locations  for  actuator 
placement  Is  substantially  dimmed. 


5.4  Work  In  Progress 

Substantial  efforts  are  underway  In  a  coordinated  manner  to  deepen 
our  understanding  regarding  each  of  the  key  elements  of  the  synthesis 
process — namely,  reduced  order  modeling,  active  transducer  selection,  and 
controller  feedback  strategy — and  how  they  Interact  in  the  context  of 
wideband  disturbance  accommodation  with  ACOSS  Model  No.  2.  The  objective 
Is  to  converge  upon  a  coordinated  synthesis  process  that  can  routinely 
generate  controllers  which  exhibit  stability  when  connected  across  the 
full  structural  model,  and  which  display  an  optimal  compromise  between  the 


capacity  for  disturbance  rejection  and  Insensitivity  to  (deterministic) 
uncertainties  In  the  structural  model.  This  compromise  Is  expected  to 
provide  the  basis  for  an  assessment  of  limits  to  performance.  The 
specific  nature  of  ongoing  work  Is  briefly  outlined  In  the  remainder  of 
this  section. 

Reduced-order  modeling.  The  method  of  autocorrelation  desampling 
described  In  Section  7  of  the  present  report  Is  specifically  designed  for 
parameter  Identification  of  large-order  flnlte-dlmenslonal  systems 
exhibiting  closely-spaced  characteristic  frequencies  and  low  Inherent 
damping  (e.g.,  ACOSS  Model  No.  2).  The  Identification  {>rocess  requires  a 
database  consisting  of  discrete-time  responses  at  each  sensor  to  Impulsive 
excitation  at  each  actuator  and  disturbance  location,  such  as  could  be 
generated  for  a  vehicle  In  flight.  Products  of  the  Identification  process 
Include  an  estimate  of  system  dynamic  characteristics,  namely  the 
characteristic  frequencies  and  damping  ratios.  This  approach  to 
reduced-order  model  generation  Is  being  Incorporated  Into  the  active 
control  synthesis  process.  It  Is  particularly  helpful  for  accurately 
reflecting  In  the  design  model  the  essential  effects  of  real  system 
attributes— such  as  time  delays  Inherent  In  the  operation  of  actuators, 
sensors,  and  discrete-data  controllers— for  which  explicit  modeling  can 
rapidly  become  cumbersome.  Note  that  the  Identification  process  assumes 
the  existence  of  a  prior  selection  of  active  transducers,  and  therefore 
Its  employment  amounts  to  an  Iterative  refinement  of  the  synthesis 
process. 

Active  transducer  selection.  In  the  work  reported  herein, 
attention  has  been  focused  upon  the  selection  of  actuators.  All  designs 
have  employed  colocated  actuator-sensor  pairs  based  upon  the  results  of 
the  actuator  selection.  Although  colocation  Is  known  to  be  advantageous 
for  use  with  analog  output  feedback  controllers  [Ref.  5-7]  (and  actually 
corresponds  to  a  mild  dls-locatlon  with  sampled-data  output  feedback 


controllers  [Ref.  5-8]),  there  Is  no  reason  to  Impose  such  an  a  priori 
constraint  In  the  context  of  LOG  control  strategy.  Moreover  a  closer  look 
at  the  active  transducer  selection  approach  being  used  suggests  good 
reasons  for  providing  an  Independent  selection  of  sensors.  Recall  that 
actuators  are  selected  by  extracting  a  (minimal)  subcollection  from  a 
class  a/  of  transducer  candidates  that  approximates.  In  turn,  each  element 
from  a  collection  S3  of  objective  vectors  In  a  linear  least-squares 
sense.  The  collection  consists  of  column  vectors  from  the  4*^8^ 
matrix  In  Eq.  (5-1),  and  the  collection  S3  consists  of  row  vectors  from 
the  D4  matrix  In  Eq.  (5-3).  Speaking  loosely,  one  may  say  that  the 
actuators  are  selected  (by  both  function  and  location)  so  as  to  be  minimal 
In  number  and  maximal  In  Influence  upon  the  regulation  of  the  LOS  error 
vector  (not  at  all  unlike  the  U.S.  Marine  Corps  looking  "for  a  few  good 
men”).  Reexamination  of  Eqs.  (5-1)  through  (5-3)  suggests  a  promising 
dual  approach  to  Independent  sensor  selection,  i.e.,  to  select  sensors  (by 
both  function  and  location)  so  as  to  be  minimal  In  number  and  provide 
maximal  Information  about  the  (unknown)  dlsturbr  ices.  More  precisely,  the 
same  linear  least-squares  minimization  Is  carried  out,  but  In  this  case 
the  candidate  collection  u/  consists  of  column  vectors  from  the  Cp4  or 
Cy*  matrices  In  Eq.  (5-2)  representing  displacement  or  rate  sensors,  and 
the  collection  S3  consists  of  column  vectors  from  the  disturbance 
Influence  matrix  In  Eq.  (5-1).  Independent  selection  of  sensors 

according  to  this  recipe  Is  being  Incorporated  into  the  synthesis  process. 

Controller  feedback  strategy.  In  order  to  make  a  careful 
assessment  of  the  role  played  by  reduced-order  modeling  and  active 
transducer  selection  in  the  overall  synthesis  process,  controller  designs 
executed  In  connection  with  work  reported  to  date  have  exclusively 
employed  the  textbook  LQG  approach.  The  results,  however.  Increasingly 
confirm  the  Initial  expectation  that  a  satisfactory  design  for  the  type  of 
structure  under  Investigation  will  be  unlikely  to  evolve  without  careful 
attention  to  robustness-enhancing  modification  of  the  LQG  feedback 


strategy.  Clear  guidelines  for  realizing  such  modifications  are  given  in 
Reference  5-9,  in  which  well-known  frequency-domain  synthesis  techniques 
for  single-input  single-output  systems  are  appropriately  generalized  for 
application  with  multiple-input  multiple-output  systems.  Guidelines  for 
robustness-enhancing  modifications  are  given  relative  to  the  behavior  of 
the  maximum  and  minimum  singular  values  of  certain  system  transfer 
matrices  as  a  function  of  frequency.  This  approach  to  bringing 
frequency-domain  insight  to  bear  upon  LOG  design  (which  is  developed 
purely  In  time-domain  terms)  is  being  incorporated  into  the  synthesis 
process. 
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SECTION  6 


STABILIZATION  OF  FLEXIBLE  STRUCTURES 
USING  SAMPLED  DATA  FEEDBACK 


6.1  Overview 

There  Is  substantial  Interest  In  use  of  feedback  control 
techniques  to  achieve  active  stabilization  of  flexible  structures.  Most 
previous  research  has  focused  on  use  of  analog  feedback  techniques  for 
'  achieving  such  stabilization.  In  this  section  we  examine  the  possible 
use  of  sampled  data  feedback  to  achieve  stabilization  of  a  flexible 
structure.  One  standard  controller  form  consists  of  a  state  estimator 
and  estimated  state  feedback.  The  estimator  gains  and  control  gains  can 
be  chosen  using  standard  techniques;  however,  explicit  conditions  on  the 
gains  for  which  the  closed  loop  is  stable  are  not  available.  In  this 
section,  the  suggested  controller  form  consists  of  an  output  estimator 
and  estimated  output  feedback.  Use  of  an  output  estimator  Is  required 
since  the  desired  output  feedback  cannot  generally  be  physically 
measured.  Two  cases  where  the  feedback  depends  only  on  velocity  measure¬ 
ment  data  and  only  on  displacement  measurement  data  are  considered.  In 
each  case  explicit  conditions  on  the  gains  are  given  for  which  the  closed 
loop  Is  guaranteed  to  be  stable. 

6.2  Recursions  for  Sampled  Data  Controlled  Flexible  Structures 

A  sampled  data  controlled  flexible  structure  can  be  defined  as  a 
distributed  parameter  system,  where  the  Input  to  the  structure  Is  the 
output  of  an  Ideal  zero  order  hold  and  the  output  from  the  structure  Is 
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sampled.  Although  distributed  parameter  models  typically  Involve 
Infinite  dimensional  variables,  our  analysis  Is  based  on  a  finite 
dimensional  model,  as  could  be  obtained  using  finite  element  approxi¬ 
mations 

Mq  +  Kq  >•  Bu  (6-1) 

For  simplicity  In  the  subsequent  development  no  structural  damping  Is 
Included.  The  structural  displacement  vector  q  -  (<)i  >  ** force 
Input  vector  u  ~  (ui,***,Uq).  The  mass  matrix  M  and  structural  stiff¬ 
ness  matrix  K  are  assumed  symmetric  and  positive  definite.  The  Input 
Influence  matrix  B  Is  assumed  to  be  dimensionless. 

The  Input  u  to  the  structure  Is  defined  In  terms  of  the  Input 
sequence  uj^  by  the  Ideal  zero  order  hold  relation  [Ref.  6-1] 

u(t)  -  Uj^  ,  kT  _<  t  <  kT  +  T  (6-2) 

The  fixed  value  T  >  0  Is  the  constant  sampling  time.  This  open  loop 
sampled  data  controlled  structure  can  be  viewed  as  a  discrete  time  system 
with  Input  sequence  u^^,  where  k>0,l,***. 

Let  f  be  a  nxn  nonsingular  modal  matrix  which  simultaneously 
diagonalizes  the  matrices  M  and  K  [Ref.  6-2]  according  to 

T  T  2 

•  M*  -  I  ,  ♦  K*  -  n 

2  2  2 

where  I  Is  the  nxn  Identity  matrix  and  0  ■  dlag(o)^,  •••,a)^)  Is  a  nxn 
diagonal  matrix  of  squares  of  the  structural  frequencies.  Superscript 
"T"  denotes  matrix  transpose;  the  two  distinct  uses  of  the  symbol  "T"  In 
the  subsequent  development  should  cause  no  confusion.  Introduce  the 
coordinate  change 


so  that  Eq.  (6-1)  can  be  written  as 


n  +  -  «‘^Bu  (6-3) 

It  Is  easy  to  solve  the  vector  equation  Eq.  (6-3),  using  the  constraint 
specified  by  Eq.  (6-2),  to  obtain 

-  (cosnT)rij^  +  fl“^(slnQT)^  +  Q"^(1  -  cosQT) (6-4) 

-  -fi(slnfiT)nj^  +  (cosfiT)n|^  +  n“^(8lnQT)*’’BUj^  (6-5) 

where  -  n(kT),  ■  n(kT),  and  sln(2T  -  dlag(sln(a)^T),  •••,  sln(w^T)), 
cosHT  ■  dlag(cos(a)iT) ,  •••,cos(UnT)  ). 

Although  the  first  order  recursive  equations  Eqs.  (6-4),  (6-5) 
could  be  used  In  our  development,  It  Is  convenient  to  make  use  of  second 
order  recursive  equations  in  or  alone. 

Solving  for  from  Eq.  (6-5)  and  substituting  Into  Eq.  (6-4), 
the  second  order  recursion  for  alone  Is  obtained 

-  2(co8nT)nj^  +  -  n”^(slnnT)*^B(u^^  -  Uj^_j)  (6-6) 


Solving  for  from  Eq.  (6-4)  and  substituting  Into  Eq.  (6-5),  the 
second  order  recursion  for  alone  Is  obtained 


(1  ^(I  -  cosflT)  $^B(Uj^  + 
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\+l  -  2(cosOT)n^  + 


(6-7) 


The  velocity  recursion  Eq.  (6-6)  forms  the  basis  for  our  analysis 
using  velocity  feedback;  the  displacement  recursion  Eq.  (6-7)  forms  the 
basis  for  our  analysis  using  displacement  feedback.  Similarity  of  these 
two  second  order  recursions  means  that  parallel  developments  can  be  used 
for  the  cases  of  velocity  feedback  and  of  displacement  feedback.  It 
should  be  noted  that  the  recursions  Eqs.  (6-4)  through  (6-7)  Involve  no 
numerical  approximation;  they  are  valid  for  any  sampling  time  T  >  0. 

6.3  Importance  of  Controller  Dynamics 

As  discussed  In  References  6-3  and  6-4,  use  of  constant  gain 
output  feedback  to  stabilize  a  sampled  data  controlled  flexible  structure 
Involves  a  number  of  subtle  Issues.  In  particular,  the  only  available 
explicit  conditions  for  stability,  stated  In  terms  of  the  gains  and  the 
sampling  time,  require  that  the  Input  Influence  matrix  and  the  output 
Influence  matrix  satisfy  a  certain  consistency  condition;  In  general, 
satisfaction  of  this  condition  Is  not  compatible  with  possible  physical 
locations  of  actuators  and  sensors.  Although  future  progress  In  this 
area  will,  no  doubt,  be  made,  the  objective  of  this  work  Is  to  consider 
use  of  dynamic  feedback  to  stabilize  a  sampled  data  controlled  flexible 
structure. 

One  standard  dynamic  controller  form  consists  of  a  state  estimator 
and  estimated  state  feedback.  The  form  of  such  a  dynamic  controller  Is 
presented;  but  explicit  conditions  on  the  gains  for  which  the  closed  loop 
Is  guaranteed  to  be  stable  are  not  easily  obtained. 

Consequently,  In  this  section  we  use  an  output  estimator  to 
construct  an  estimated  output  feedback  from  the  output  measurements 
actually  available.  The  estimated  output  expression  Is  chosen  so  that 
the  consistency  condition  specified  In  References  6-3  and  6-4  Is 
satisfied.  Consequently,  explicit  conditions  on  the  gains  can  be  given 
for  which  the  closed  loop  Is  guaranteed  to  be  stable. 


feedback;  then  a  parallel  development  Is  given  for  the  case  of 
displacement  feedback.  The  two  developments  strongly  depend  on  a 
fundamental  stability  theorem  for  second  order  recursions. 


6.4  Stabilization  Based  on  Estimated  State  Feedback 

A  standard  sampled  data  controller  form  consisting  of  a  state 
estimator  and  estimated  state  feedback  Is  now  described;  In  the  analog 
case  such  a  controller  has  been  referred  to  as  modern  modal  control 
[Ref.  6-5]. 

We  assume  the  measured  output  Is  given  by 


yj^  -  C^q(kT)  +  C^q(kT) 


where  and  Cy  are  dimensionless  output  Influence  matrices.  The 
control  Input  u^^  Is  assumed  to  satisfy 


<=o  -  “i  : 
T 


(6-8) 


where  the  displacement  and  velocity  estimates  and  are  generated  via 
the  estimator  equations 


-  (cosnT)nj^  +  n”^(sinnT)nj^  +  -  costiT) 


•  -n(slniyr)  +  (costir)^  +  n~^(slnfiT)*'^Bu^ 

+  °!<yk  -  Cd*\  - 

This  general  form  for  the  controller/estimator  is  parameterized  by  the 

C  C  0  6 

controller  gain  matrices  G^,  G^  and  the  estimator  gain  matrices  G^,  G^. 

As  is  usual)  it  is  convenient  to  define  the  estimator  errors 

“A 

*•  A 

•  A  •  • 

so  that  the  closed  loop  equations  can  be  written  as 
-  [cosOT  -  n“^(I  -  cosnT)*'’^BG®*]nj^ 

+  (fl“^(8lnnT)  -  a"^(I  -  co8£lT)*’'BGj»lnj^ 

+  -  co8OT)#'^BGQ*]r^  +  [n"^(I  -  co8OT)*^BGj*]nj^ 

-  [-fKslnOT)  -  n"^(slnOT)*’'BGj*lT^ 

+  (cosOT  -  ft"^(8inOT)*'*'BGj*Jrij^ 

+  [n“^(8lnnT)*’^BGQ*]nj^  +  [Q“^(8innT)*’^BGj«]f|j^ 


-  (cosOT  -  +  [Q'VslnOT)  -  G®C^*]t^ 

-  [-n(8innT)  -  G®c^*lnj^  +  (cosJIt  -  G®c^*]n^ 

Thus  a  separation  between  the  estimator  dynamics  and  the 
controller  dynamics  Is  achieved,  so  that  the  estimator  gains  and  the 
feedback  gains  can  be  chosen  Independently.  Usual  methods  for  selection 
of  the  gains  can  be  applied:  llnear-quadratlc-Gausslan  optimal  control 
theory  or  pole  placement  techniques.  Under  suitable  controllability  and 
observability  assumptions  there  Is  a  guarantee  that  gains  do  exist  for 
which  the  closed  loop  Is  stable.  However,  for  the  general  controller 
form  given  In  Eq.  (6-8)  there  are  no  known  explicit  conditions  on  the 
gains  for  which  the  closed  loop  Is  guaranteed  to  be  stable.  Such 
explicit  conditions  are  not  required  for  a  single  design;  however.  If 
additional  tuning  of  the  gains  Is  necessary  the  availability  of  explicit 
stabilization  conditions  Is  desirable. 

In  the  next  two  subsections,  modifications  of  the  controller 
defined  by  Eq.  (6-8)  are  presented;  these  modifications  are  such  that 
explicit  conditions  on  the  gains  for  which  the  closed  loop  Is  stable  can 
be  obtained. 

6.5  Stabilization  Based  on  Estimated  Output  Velocity  Feedback 

In  this  subsection  we  consider  a  sampled  data  controlled  structure 
where  the  control  Input  u;^  depends  only  on  velocity  output  measurements 
given  by 


V 


C  q(kT) 


where  Cy  is  a  dimensionless  output  influence  matrix.  In  particular, 
the  control  input  Uj^  is  assumed  to  satisfy  the  first  order  recursion 


“k  ■  “k-1 


-  ^  F*n,  +  ^  F*vi 


(6-9) 


and  Che  velocity  estimates  are  generated  via  Che  estimator  equations 


-  2(cosflT)nj^  +  -  Q"^(8inflT)*’^B(Uj^  - 


(6-10) 


+  ^l(yl  -  w  -  -  ‘^vn-P 


This  general  form  for  the  controller/esCimator  is  parameterized  by  the 
controller  gain  matrices  Gq,  G^,  the  estimator  gain  matrices  G®,  G®, 
and  the  feedback  matrix  F.  Use  of  an  estimator  is  required  since,  under 
subsequent  conditions  imposed  on  the  feedback  matrix  F,  the  function 
Fq(kT)  cannot  generally  be  directly  measured. 

We  now  show  that  this  form  for  the  controller/estimator  represents 
a  suitable  choice  to  achieve  the  desired  closed  loop  objectives.  As  is 
usual,  it  is  convenient  to  define  the  estimator  error 


so  that  the  closed  loop  equations  can  be  written  as 


-  [2  cosOT  -  tl"^(slnnT)*''’B  ^ 

T  . 

+  [l  -  fl"^(sinnT)*^B  F*]n^_^  -  (6-11) 

c  *•  c  • 

—  1  T  r^O  •  ^ 

n  ^(sinQT)*^B  ^  F^Vl^ 


-  [2  cosOT  -  ♦Vg®C^*1;i^  +  [I  -  -  0  (6-12) 

Thus  a  separation  between  the  estimator  dynamics  and  the  controller 
dynamics  Is  achieved.  Moreover,  the  dynamics  of  each  is  characterized  by 
a  second  order  recursion. 

The  matrix  coefficients  In  Eq.  (6-12),  by  specification,  are 
symmetric  if  the  estimator  gain  matrices  G^,  G^  are  chosen  to  be 
symmetric.  The  matrix  coefficients  In  Eq.  (6-11),  however,  are  not 
necessarily  symmetric.  In  order  to  obtain  this  property,  we  choose  the 
feedback  matrix  F  according  to 

F  -  B^*(sinnT)n"^T~U~^  (6-13) 

consequently,  the  matrix  coefficients  In  Eq.  (6-11)  are  symmetric  If  the 

c  c 

control  gain  matrices  G^,  Gj^  are  chosen  to  be  symmetric. 

Thus,  explicit  conditions  for  stability  of  the  closed  loop  can  be 


stated 


Theorem  6-1.  Suppose  that  the  feedback  matrix  F  la  given  by  Eq.  (6-13); 
suppose  that  the  control  gain  matrices  G^,  are  symmetric  and  satisfy: 

(a)  2[I  +  cosGT]  -  +  G^lF*  Is  positive  definite, 

(b)  2II  -  cosflTl  -  «''^f’'^[Gj  -  GqJF*  Is  positive  definite, 

(c)  Gj  Is  positive  definite,  and 

(d)  the  matrix  pair  ([I  +  cosQT]  ^[I  -  cosGT],  ♦'^F^)  is 
completely  controllable; 

suppose  that  the  estimator  gain  matrices  G^,  G^  are  symmetric  and  satisfy: 

(e)  2[I  +  cosGT]  -  +  Gq]C^*  Is  positive  .definite , 

(f)  2[I  -  cosflTi  -  -  GqIC^*  Is  positive  definite, 

(g)  G^  Is  positive  definite,  and 

(h)  the  matrix  pair  ([I  +  cosGT]  ^[I  -  cosSiT],  C^*)  Is  completely 
observable. 

Then  the  closed  loop  defined  by  recursion  Eqs.  (6-6),  (6-9),  and  (6-10)  is 
geometrically  stable. 


Proof.  Using  Eq.  (6-13),  the  closed  loop  characteristic  polynomial  is 
det  {z^I  -  (2cosnT  -  +  (I  -  ♦^f'^^G^F*]  } 

X  detiz^I  -  [2cosOT  -  ♦^c'^G®C  «Jz  +  fl  -  ♦] } 

‘  vOv  vlv  ' 

Based  on  the  stability  result  given  in  Section  6.8  (Appendix), 
assumptions  (a)  through  (d)  can  be  shown  to  guarantee  that  all  zeros  of 
the  first  factor  above  lie  inside  the  unit  disk.  Similarly,  assumptions 
(e)  through  (h)  can  be  shown  to  guarantee  that  all  zeros  of  the  second 
factor  above  lie  inside  the  unit  disk.  Thus  the  closed  loop  is  stable.  □ 

The  conditions  stated  in  Theorem  6-1  clearly  constitute  sufficient 
conditions  for  stability  of  the  closed  loop  using  sampled  data  velocity 
output  feedback.  The  conditions  are  not  generally  necessary  since  we 
have  Imposed  the  requirement  that  the  matrix  coefficients  which  define 
the  characteristic  pol]momlal  be  symmetric.  However,  the  conditions  on 
the  matrix  gains  can  always  be  satisfied  and  the  conditions  are  in 
explicit  form;  hence  the  conditions  should  prove  useful  as  a  basis  for 
gain  selection. 

One  special  case  of  the  general  result  is  obtained  when  the 
a  priori  requirements  that  G®  ■  G®  and  Gq  =  -G®  are  Imposed.  We  obtain 
the  controller/estimator  form 


(6-14) 


where 


Vi  -  +  Vi 


A  A 

-  ♦VG®{Xy^  +  y^.j)  -  c^H  \  +  v^)]  (6-i5) 

Thus  u](  depends  explicitly  only  on  the  velocity  measurement  sums 
y^  +  y^_j»  Conditions  for  closed  loop  stability  are  given  next. 

Corollary  6-2.  Suppose  that  the  feedback  matrix  F  Is  given  by 

Eq.  (6-13):  suppose  that  the  control  gain  matrix  G  Is  symmetric  and 

satisfies: 

(a)  [I  +  cosQT]  -  Is  positive  definite, 

(b)  G®  is  positive  definite,  and 

<c)  the  matrix  pair  ((I  +  cosftTj  ^[I  -  cosOTj,  is 

completely  controllable; 

suppose  that  the  estimator  gain  matrix  G  Is  symmetric  and  satisfies: 

(d)  [I  -  cosflTj  -  t^C^G^C^*  is  positive  definite, 

(e)  G®  Is  positive  definite,  and 

(f)  the  matrix  pair  ([I  +  cosSlT]  ^[I  -  cosJlT),  C^*)  is  completely 
observable. 

Then  the  closed  loop  defined  by  recursion  Eqs.  (6-6),  (6-14),  and  (6-15) 
Is  geometrically  stable. 


Although  the  controller/estimator  form  given  by  Eqs.  (6-9),  (6-10) 
Is  more  general  than  the  form  given  by  Eqs.  (6-14),  (6-15),  it  is  often 
the  case  that  the  latter  form  is  sufficient  to  obtain  substantial  active 
damping  using  sampled  data  velocity  feedback.  Moreover,  it  is  always 
possible  to  choose  gain  matrices  according  to  the  relatively  simple 
conditions  specified  In  Corollary  6-2. 

6.6  Stabilization  Based  on  Estimated  Output  Displacement  Feedback 

In  this  subsection  we  demonstrate  that  displacement  feedback  of 
the  form 


yj  -  C^q(kT) 


can  be  used  to  stabilize  a  sampled  data  controlled  structure.  The 
development  Is  parallel  to  that  given  previously  for  velocity  feedback. 
Suppose  that  the  control  Input  u^  satisfies  the  first  order  recursion 


\  Vi 


(6-16) 


A 

and  the  displacement  estimates  are  generated  via  the  estimator 
equations 


nk+2  “  2(cosnT)njj  + 


n"^(I  -  cosOT) 


*^B(uk 


“k-l) 


-  W 


.T_T  „e,  d 


(6-17) 


The  controller/estimator  Is  parameterized  by  the  controller  gain  matrices 
Gq,  ,  the  estimator  gain  matrices  G^,  G^,  and  the  feedback  matrix  F. 
Since  a  subsequent  condition  Is  Imposed  on  the  matrix  F  such  that  Fq(kT) 
cannot  generally  be  directly  measured,  our  use  of  an  estimator  Is 
justified. 

If  the  estimator  error  Is  defined  as 


the  closed  loop  equations  can  be  written  as 


T,  S 


-  [2  cosOT  -  $1(1  -  cos$lT)*  B  F 


_  G® 
1 


•  +  [l  -  $l“^(I  -  cosQT)«  B 


(6-18) 


•  • 


•  • 


I  . 


G  *•  G  •» 
$i“^(i  -  cos(iT)«''^B  [-i  F«nj^  -  -1 


*  V  ■  , 


Vl  -  'd‘l\ 


(6-19) 


Separation  between  the  estimator  dynamics  and  the  control  dynamics  Is 
achieved,  with  each  being  characterized  by  a  second  order  vector 
recursion. 


I  • 


The  matrix  coeffi. clients  In  Eq.  (6-19)  are  symmetric  If  the 
6  6 

estimator  gain  matrices  G^,  G^  are  chosen  to  be  symmetric.  The 


I  • 


I  ft 


*•*  *•”  •*  *»*  *•*  "  *•* 
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matrix  coefficients  In  Eq.  (6-18)  are  not  generally  symmetric,  even  if 

c  c 

the  controller  gain  matrices  Gq,  are  symmetric,  unless  the  feedback 
matrix  F  Is  given  by 

F  -  (I  -  cosnT)Q“^T“^*'^  (6-20) 

Explicit  conditions  for  stability  of  the  closed  loop  are  given  in 
the  following. 

Theorem  6-3.  Suppose  that  the  feedback  matrix  F  is  given  by  Eq.  (6-20); 

c  c 

suppose  that  the  control  gain  matrices  G^,  G^  are  symmetric  and  satisfy: 

(a)  2[I  +  cosSlT]  -  +  G^JF*  is  positive  definite, 

(b)  2[I  -  cosOT]  -  ^’^F^lG^  -  Gq]F«  is  positive  definite, 

(c)  Gj  is  positive  definite,  and 

(d)  the  matrix  pair  ([I  +  cosQT]  ^(I  -  cosOT],  •^F^)  is 

completely  controllable; 

G  G 

suppose  that  the  estimator  gains  G^,  G^  are  symmetric  and  satisfy: 

(e)  2[I  +  cosflT]  -  #^Cj[G®  +  G^jC. #  is  positive  definite, 

a  i  U  a 

(f)  2[I  -  cosJlT]  -  «^CjlG®  -  G®jCj*  is  positive  definite, 

a  i  U  u  ^ 

A 

(g)  G^  is  positive  definite,  and 

(h)  the  matrix  pair  ([I  +  cosOT]  -  cosOTj ,  0^$)  is  completely 
observable. 


Then  the  closed  loop  defined  by  recursion  Eqs.  (6-7),  (6-16),  and  (6-17) 
Is  geometrically  stable. 

Proof.  The  closed  loop  characteristic  polynomial  Is 

det{z^I  -  [2cosOT  -  +  [I  -  } 

X  detlz^I  -  I2C08OT  -  ♦*^CjG®C.«Jz  +  II  -  «] } 

dud  did 

As  In  the  proof  of  Theorem  6-1,  the  assumptions  can  be  shovm  to  guarantee 
that  all  zeros  of  the  characteristic  polynomial  lie  Inside  the  unit 
disk.  Thus  the  closed  loop  Is  stable.  □ 

Conditions  stated  In  Theorem  6-3  are  sufficient  conditions  for 
stability  of  the  closed  loop  using  sampled  data  displacement  output 
feedback.  The  conditions  are  not  generally  necessary  since  we  have 
Imposed  the  requirement  that  the  matrix  coefficients  which  define  the 
characteristic  polynomial  be  s}rmmetrlc.  The  conditions  Imposed  on 
selection  of  the  matrix  gains  In  Theorem  6-3  can  always  be  satisfied; 
hence  the  conditions  should  prove  useful  as  a  basis  for  gain  selection. 

An  Interesting  special  case  Is  obtained  by  Imposing  the  a  priori 
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requirements  that  G^  -  -Gj  and  G^  »  G^ .  In  this  case  we  obtain  the 
controller/estimator  form 


Vl  -  +  Vl 


-  n  (I  -  cos»r)  *  B(u.  +  u._,)  (6-22 


-♦■'cJo'KyJ  -  yti>  '  '  Vi>l 

Thus  depends  explicitly  only  on  the  displacement  measurement 
difference  y^_2  “  ^^-2*  Conditions  for  closed  loop  stability  are  given 
next. 

Corollary  6-4.  Suppose  that  the  feedback  matrix  F  is  given  by 

Eq.  (6-20);  suppose  that  the  control  gain  matrix  is  symmetric  and 

satisfies: 

(a)  [I  -  cosS^T]  -  is  positive  definite, 

(b)  G  is  postlve  definite,  and 

(c)  the  matrix  pair  ([I  +  cosSlT]  -  cosOT]  , 
is  completely  controllable; 

€ 

suppose  that  the  estimator  gain  matrix  G  is  symmetric  and  satisfies: 

(d)  [I  +  cosSIT]  -  *^CjG®Cj $  is  positive  definite; 

d  a 

(e)  G  is  positive  definite,  and 

(f)  the  matrix  pair  ([I  +  cosSJT]  ^[I  -  cosOT]  ,  is 

completely  observable. 

Then  the  closed  loop  defined  by  recursion  Eqs.  (6-7),  (6-21),  and  (6-22) 
is  geometrically  stable. 


Although  the  controller/estimator  form  given  by  Eqs.  (6-16), 

(6-17)  is  more  general  than  the  form  given  by  Eqs.  (6-21),  (6-22)  it  is 
often  the  case  that  the  latter  form  is  sufficient  to  obtain  substantial 
active  damping  using  sampled  data  displacement  feedback.  Moreover,  it  is 
always  possible  to  choose  gain  matrices  according  to  the  relatively 
simple  conditions  specified  In  Corollary  6-A. 


6.7  Conclusions 

Three  different  forms  for  a  controller/estimator  have  been 
presented.  Under  appropriate  controllability  and  observability 
assumptions  the  existence  of  gains  for  which  the  closed  loop  Is  stable  Is 
guaranteed  in  each  case.  The  controller  form  based  on  estimated  state 
feedback  Is  most  general  and  is  suitable  for  closed  loop  design  using 
optimal  control  or  pole  placement  techniques;  however  explicit  conditions 
on  the  gains  for  which  the  closed  loop  is  stable  are  not  apparent.  The 
considered  cases  based  on  estimated  output  feedback  would  seem  to  be  most 
suitable  where  It  Is  desired  to  tune  the  gains  subject  to  satisfaction  of 
the  stability  constraint. 

We  have  not  examined  these  stabilization  conditions  for  the  gains 
In  detail.  These  conditions,  stated  In  Theorems  6-1  and  6-3  and 
Corollaries  6-2  and  6-4,  are  effectively  represented  by  suitable  matrix 
Inequalities.  For  a  fixed  flexible  structure  and  a  fixed  sampling  time, 
nonlinear  programming  techniques  could  be  employed  to  characterize  the 
set  of  all  gain  parameters  which  satisfy  the  stated  conditions  and, 
hence,  for  which  the  closed  loop  Is  guaranteed  to  be  stable. 

We  have  not  addressed  the  Issues  of  control  and  observation 
spillover  (Ref.  6-5]  here,  but  clearly  they  are  critical  In  the  case 
where  a  reduced  order  model  and  modal  truncation  are  used.  As  mentioned 
In  Reference  6-6,  the  aliasing  effects  due  to  samp  xng  may  exacerbate  the 
spillover  difficulties. 


The  theoretical  results  presented  here  should  prove  helpful  in 
establishing  a  framework  for  the  stabilization  of  a  flexible  structure 
using  sampled  data  feedback.  As  should  be  clear,  stabilization  of  a 
flexible  structure,  exactly  taking  Into  account  the  sampling  effects.  Is 
a  difficult  and  nontrivial  extension  of  the  results  for  analog  feedback. 


6.8  Appendix 

The  basic  stability  theorem  for  second  order  recursions  Is  stated 
and  proved.  The  result  Is  expressed  In  terms  of  conditions  which 
guarantee  that  the  zeros  of  a  (2n)-th  order  polynomial  lie  strictly 
Inside  the  complex  unit  disk. 

Theorem  6-5.  Suppose  the  real  nxn  matrices  Aj  and  A2  are  symmetric. 

Then  all  2n  zeros  of  the  polynomial 

detfz^r  +  AjZ  +  A^] 

lie  strictly  Inside  the  complex  unit  disk  If: 

(a)  I  -  Ai  +  A2  Is  positive  definite, 

(b)  I  -  A2  Is  nonnegative  definite, 

(c)  I  +  Ai  +  A2  Is  positive  definite,  and 

(d)  the  matrix  pair  ([21  -  AiJ~l(2I  +  AjJ,  [I  -  A2J  )  Is 
completely  observable. 

Proof.  From  the  results  In  Reference  6-7,  the  assumptions  guarantee  that 
all  2n  zeros  of  the  polynomial 

detld  -  Aj  +  A2)w^  +  2(1  -  A2)w  +  (I  +  A^  +  A2)) 


have  negative  real  parts.  The  bilinear  transformation 


maps  the  zeros  of  the  above  polynomial  into  the  2n  zeros  of  the 
polynomial 


det[z^I  +  A^z  +  A^] 

The  properties  of  the  bilinear  transformation  guarantee  that  all  2n  zeros 
of  the  latter  polynomial  lie  strictly  Inside  the  unit  disk.  □ 
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SECTION  7 


ON  THE  USE  OF  AUTOCORRELATION  DESAMPLING 
IN  HIGH  RESOLUTION  SPECTRUM  ESTIMATION 


7.1  Introduction 

7.1.1  Background 

Many  practical  applications  exist  for  power  spectrun  analysis 
techniques  capable  of  resolving  closely  spaced  spectral  peaks.  An 
example  of  current  relevance  Is  the  system  Identification  problem  for 
large  flexible  space  structures,  such  as  that  pictured  In  Figure  7-la 
[Reference  7-131.  Characteristic  of  such  structures  are  frequency 
responses  for  the  structural  dynamics  which  exhibit  closely  spaced 
amplitude  peaks,  as  In  Figure  7-lb.  Because  of  the  nature  of  these 
frequency  responses,  any  Identification  procedure  for  such  structures 
based  on  power  spectrum  analysis  must  employ  a  spectrum  estimator  of  high 
resolution. 

Understandably,  considerable  attention  has  been  given  to  the 
development  of  such  techniques  In  the  signal  processing  literature. 

Among  those  most  frequently  discussed  are  techniques  which  require  the 
estimation  of  the  parameters  of  an  assumed  model  structure  for  the  auto¬ 
correlation  sequence  (r(k)},  which  Is  defined  by 

r(k)  -  E[x(j)x(j+k)J  ,  -«  <  k  <  - 
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where  {x(k) }  Is  Che  wide  sense  stationary  discrete  time  process  of 
Interest.  Noting  that  the  power  spectral  density  function  RCeJ*^)  Is 
defined  as  the  Fourier  transform  of  {r(k)}.  l.e., 

R(.J“)  .  I  r(k)e-l'* 

It  Is  clear  that  the  required  power  spectrum  estimate  for  {x(k) }  can  be 
derived  directly  from  Che  model  for  {r(k)}  obtained  via  parameter 
estimation.  No  attempt  will  be  made  here  Co  rationalize  the  parametric 
approach  to  spectral  estimation  as  excellent  discussions  are  presented 
elsewhere  (see  for  example  References  7-1  and  7-2) .  What  will  be 
discussed  are  factors  which  could  cause  a  parametric  spectrum  estimator 
CO  exhibit  poor  frequency  resolution. 

Assuming  an  appropriate  model  structure  Is  chosen  for  {r(k)},  It 
Is  clear  chat  Che  accuracy  of  the  parameter  estimates  for  this  model 
determines . the  accuracy  and  therefore  the  resolution  of  Che  resulting 
spectrum  estimate.  Clearly,  we  must  Identify  the  mechanisms  which  could 
cause  parameter  estimation  Inaccuracy  In  order  to  further  understand  the 
spectral  resolution  problem. 

Since  Che  parameter  estimates  are  usually  constructed  from  a 
finite  number  of  autocorrelation  estimates,  errors  In  the  latter 
estimates  are  often  a  major  source  of  errors  In  the  parameter  estimates. 
Therefore,  spectral  resolution  Is  largely  determined  by  the  manner  In 
which  autocorrelation  estimation  errors  Induce  errors  In  the  parameter 
estimates.  Clearly,  this  error  propagation  must  be  limited  In  order  for 
good  spectral  resolution  to  be  obtainable. 

The  purpose  of  this  section  Is  to  demonstrate,  at  least  for  the 
parametric  spectrum  analysis  procedure  discussed  In  Section  7.2,  that 
error  propagation  can  be  reduced  by  first  obtaining  parametric  models  for 
certain  subsequences  of  {r(k)}.  That  Is,  consider  the  M  desampled 
autocorrelation  sequences  J-0,*«*,M-l}  defined  by 


It  will  be  shown  that  If  the  quantity  M  Is  properly  chosen,  estimation  of 
the  parameters  of  {r(k)}  via  parametric  analysis  of  the  M  subsequences 
{{rMjj(k)}:  J-O, will  yield  results  considerably  less 
sensitive  to  errors  In  the  autocorrelation  estimates  than  those  obtained 
by  direct  parametric  analysis  of  {r(k)|  as  a  whole.  This  result  suggests 
that  a  proper  choice  for  the  quantity  M,  which  will  be  known  as  the  auto¬ 
correlation  sequence  desampling  Interval,  will  result  In  Improved 
spectral  resolution. 

Note  that  the  work  reported  here  Is  a  continuation  of  the  research 
discussed  In  Reference  7-12,  where  the  spectrum  estimation  problem  for 
continuous  time  processes  was  considered,  yielding  the  result  that 
spectral  resolution  may  be  considerably  Improved  by  making  an  appropriate 
choice  for  the  autocorrelation  function  sampling  period.  In  this  section 
those  situations  where  the  sampling  period  is  fixed  or  where  a  purely 
discrete  time  process  Is  of  Interest  are  considered. 

7.1,2  Overview 

The  results  outlined  above  are  obtained  via  examination  of  the 
parametric  power  spectrum  estimation  technique  discussed  In  Section  7.2. 
This  technique  Is  based  upon  an  assumed  structure  for  the  autocorrelation 
sequence  {r(k)}  defined  by  Eq.  (7-3).  The  parameters  of  this 
representation  that  must  be  estimated  In  order  to  obtain  a  model  for 
{r(k)}  are  the  autocorrelation  sequence  mode  weights  and 

the  poles  {zi,***,Zn}  (n  will  be  assumed  known).  Parameter 
estimation  Is  accomplished  via  techniques  presented  In  the  literature, 
such  as  the  overdetermined  Yule-Walker  equation  approach  to  pole 
estimation  advocated  by  Beex  and  Scharf  [Ref.  7-3],  Cadzow  [Ref.  7-1], 
and  others. 


The  procedure  discussed  In  Section  7.2  constructs  estimates  for 
the  parameters  and  {zi>***t*n}  from  a  finite  number 

of  autocorrelation  estimates.  Errors  In  the  parameter  estimates  arise 
from  errors  In  the  autocorrelation  estimates.  In  Section  7.3  It  will  be 
demonstrated  that  the  sensitivity  of  the  parameter  estimates  to  errors  In 
the  autocorrelation  estimates  Is  dependent  upon  the  locations  of  the 
autocorrelation  poles  In  the  complex  plane.  Assuming 

J«1 

*  e  ;  1-1, •••,n  (7-2) 

where  {“I, are  real,  the  results  of  Section  7.3  Indicate  that 
the  parameter  estimates  will  be  extremely  sensitive  If  there  exist  poles 
separated  by  small  angles  In  the  complex  plane.  Thus,  In  those 
situations  where  high  spectral  resolution  Is  required,  parameter 
estimation  will  be  extremely  sensitive  to  errors  In  the  autocorrelation 
estimates,  making  good  spectral  resolution  difficult  to  achieve. 

A  possible  solution  to  this  problem  Is  to  estimate  the  parameters 
of  the  M  desampled  autocorrelation  sequences  l{tM,j(k)}; 
defined  by  Eq.  (7-1).  It  can  be  shown  that  the  poles  of  these  sequences 
are  {z",»»»,z"}.  Combining  this  result  with  Eq.  (7-2)  Indicates  that  a 
Judicious  choice  for  the  desampling  Interval  M  can  Improve  the  angular 
distribution  of  the  autocorrelation  sequence  poles.  Thus  with  a  proper 
choice  for  M  we  might  expect  the  parameter  estimates  for  the  desampled 
autocorrelation  sequences  to  be  less  sensitive  to  autocorrelation 
estimation  errors  than  those  for  {r(k)|. 

In  Section  7.4  a  procedure  for  estimating  the  parameters  of  {r(k) [ 
by  first  estimating  the  parameters  of  the  desampled  subsequences  Is 
presented.  In  this  procedure,  the  parameter  estimates  for  {r(k)}  are 
obtained  directly  from  those  for  the  subsequences  using  a  technique  which 
does  not  require  M  to  be  bounded  by  spectral  aliasing  considerations. 


_*•  A  .  • 


Fron  the  above  discussion,  we  might  expect  the  parameter  estimates  for 
{r(k)}  obtained  via  this  procedure  to  be  superior  to  those  obtained  by 
direct  application  of  the  procedure  described  In  Section  7.2,  thus 
Implying  an  Improvement  In  spectral  resolution.  Several  numerical 
examples  which  demonstrate  this  to  be  the  case  may  be  found  In 
Reference  7-14. 

Finally,  the  report  Is  concluded  in  Section  7.5  with  a  discussion 
of  the  obtained  results. 

7.1.3  Related  Literature 

The  results  of  this  section  reveal  an  Important  relationship 
between  desampling  and  spectral  resolution.  In  addition,  when  these 
results  are  applied  to  the  spectrum  analysis  problem  for  continuous  time 
processes.  It  becomes  apparent  that  a  proper  choice  for  the  data  sampling 
period  Is  of  critical  Importance  when  good  resolution  Is  desired  [see 
Ref.  7-141.  However,  the  Importance  of  proper  choices  for 
autocorrelation  desampling  Intervals  and  data  sampling  rates  has  largely 
been  Ignored  In  the  signal  processing  literature.  The  author  Is  not  aware 
of  any  publication  which  rigorously  Investigates  the  relationship  between 
these  quantities  and  spectral  resolution,  although  rules  of  thumb  for 
selecting  desampling  Intervals  and  sampling  periods,  apparently  without 
rigorous  justification,  have  been  mentioned  in  several  published  works. 
For  example,  sampling  period  selection  for  nonparametrlc  spectrum 
analysis  Is  discussed  by  Bendat  and  Plersol  [Ref.  7-5]. 

The  general  problem  of  sampling  period  selection  has  been 
addressed,  however,  from  the  system  Identification  perspective. 

Extensive  treatment  of  the  problem  can  be  found  In  the  econometric 
literature  (see  for  example  Bergstrom  [Ref.  7-6]).  Economic  system 
Identification  problems  generally  possess  the  additional  property  that 
the  system  models  must  Incorporate  a  priori  restrictions  on  the  model 
parameters  to  offset  a  lack  of  available  data.  If  Identification  Is  to 
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be  carried  out  via  time  series  techniques,  the  system  model  (which  Is 
usually  a  system  of  differential  equations)  must  be  discretized  In  a 
manner  which  allows  the  Incorporation  of  these  a  priori  restrictions. 
Because  this  Is  often  difficult  when  an  exact  discrete  time  model  Is 
used,  an  approximate  model  Is  often  used  which  Is  produced  by  replacing 
derivatives  In  the  differential  equation  model  with  finite  differences. 
Obviously,  the  approximate  model  Is  an  accurate  representation  of  the 
system  only  If  the  sampling  period  Is  sufficiently  small,  the  required 
degree  of  such  smallness  having  been  the  subject  of  a  considerable  amount 
of  research.  However,  such  approximations  are  usually  not  required  when 
performing  spectrum  estimation.  Therefore,  this  research  Is  of  little 
relevance  to  the  problem  of  obtaining  good  spectral  resolution. 

Astrom  (Ref.  7-7]  and  Payne  et  al.  [Ref.  7-8]  also  address  the 
sampling  period  problem  from  the  system  identification  perspective. 

Astrom  Is  concerned  with  the  maximum  likelihood  Identification  from 
sampled  data  of  a  first  order  linear  time  Invariant  system.  He  shows 
that  the  variance  of  the  estimate  for  the  inverse  of  the  system  time 
constant  Is  minimized  when  the  data  sampling  period  Is  equal  to  0.797 
times  the  system  time  constant.  This  result  has  practical  Importance, 
but  clearly  Is  not  relevant  to  the  spectral  resolution  problem. 

Payne  et  al.  [Ref.  7-8]  consider  the  joint  determination  of 
optimal  Input  spectra  and  sampling  periods  for  linear  system  Identifica¬ 
tion,  the  criterion  for  optimality  being  the  minimization  of  a  function 
of  Fisher's  Information  matrix  for  the  system  parameters.  They  show  that 
when  the  standard  anti-aliasing  filter  Is  applied  to  the  system  output 
and  the  number  of  data  samples  Is  fixed,  the  optimal  sampling  period  Is 
(l-€)  times  the  Input  signal  Nyqulst  period,  e  being  a  small  value 
related  to  the  cutoff  characteristics  of  the  anti-aliasing  filter.  This 
does  not  agree  with  the  sampling  period  selection  guidelines  suggested  In 
Reference  7-14,  the  reason  being  that  these  guidelines  are  based  on 
controlling  error  propagation,  and  are  not  concerned  with  the  Information 
matrix. 
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Finally,  an  Important  result  which  Is  relevant  to  the  Issues 
discussed  here  was  reported  by  Kay  [Ref.  7-9],  who  considered  the  problem 
of  obtaining  accurate  autocorrelation  estimates  for  a  Causslan  process 
from  sampled  data.  Specifically,  he  considered  the  effect  of  the  data 
sampling  period  on  the  mean  square  error  of  the  autocorrelation 
estimates.  He  concluded  that  good  estimates  are  obtained  If  the  data  are 
taken  at  twice  the  Nyqulst  rate,  with  very  little  Improvement  if  a  higher 
sampling  rate  Is  used.  As  discussed  in  Reference  7-14,  this  result 
complements  very  nicely  the  sampling  period  selection  guidelines 
suggested  therein. 

7.2  Parametric  Power  Spectrum  Estimation 

The  parametric  power  spectrum  estimation  procedure  to  be  examined 
when  considering  the  effect  of  autocorrelation  desampling  on  spectral 
resolution  Is  outlined  in  this  subsection.  The  assumed  autocorrelation 
model  upon  which  this  procedure  Is  based  Is  defined,  followed  by  a 
discussion  of  techniques  used  to  estimate  the  parameters  of  the  model. 

7.2.1  The  Autocorrelation  Sequence  Model 

Assume  It  is  desired  to  estimate  the  power  spectrum  of  a  real, 
wide  sense  stationary,  discrete  time  process  |x(k)  }  via  parametric 
analysis  of  Its  autocorrelation  sequence  {r(k)}  defined  by 

r(k)  -  E[x(j)x(j+k)],  —  <  k  <  » 

In  all  that  follows.  It  will  be  assumed  that  {r(k)|  may  be  represented  as 
a  finite  sum  of  weighted  complex  exponentials: 

r(k)  -  I  A  z  l*"!,  —  <  k  <  «  (7-3) 

1-1  ^  ^ 
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Here  ^  Zj  If  1  ^  J)  Is  the  1-th  complex  autocorrelation 

sequence  pole,  and  Is  the  corresponding  complex  mode  weight. 

The  quantities  {z^^,***,z~^}  are  also  poles  of  {r(k)}  (see  Eq.  (7-4)), 
but  for  simplicity,  whenever  the  term  "pole"  Is  used  It  will  refer  to  one 
of  the  quantities  {>!,***, Zq}.  Since  all  terms  of  {r(k)|  are  real, 
the  poles  and  mode  weights  occur  In  complex  conjugate  pairs.  Also, 
js|^|  ^  1  for  l*l,***,n.  Note  that  the  power  spectral  density  function 
R(ei^)  corresponding  to  {r(k)}  Is 


The  use  of  the  autocorrelation  sequence  model  defined  in  Eq.  (7-3) 
Is  suggested  by  Beex  and  Scharf  In  Reference  7-3,  where  It  Is 
demonstrated  that  Eq.  (7-3)  may  be  used  to  represent  a  wide  variety  of 
possible  autocorrelation  sequences.  In  particular,  Eq.  (7-3)  may  be  used 
to  represent  the  autocorrelation  sequences  of  processes  composed  of 
sinusoids  embedded  In  white  noise.  Also  representable  by  Eq.  (7-3)  are 
the  sampled  output  autocorrelation  functions  of  continuous  time  systems 
with  rational  transfer  functions  driven  by  white  noise  [Ref.  7-4]. 

For  the  sake  of  simplicity.  It  will  hereafter  be  assumed  that  the 
autocorrelation  sequence  order  n  Is  known.  Thus  the  parameters  of 
Eq.  (7-4)  that  must  be  estimated  In  order  to  obtain  a  power  spectrum 
estimate  for  {x(k)j  are  the  poles  {ri,***,Zn}  and  mode  weights 

7.2.2  Parameter  Estimation 

Assume  the  2n  autocorrelation  sequence  samples 
{r(d),*‘*,r(d+2n-l)}  (d  >  0)  are  known.  Then  the  autocorrelation 
sequence  poles  and  mode  weights  may  be  exactly  determined.  To  see  this, 
consider  the  z-transform  Br*'(z)  of  {r(k)u(k)}  where  {u(k) }  Is  the  unit 
step  sequence: 


•  •  •  •  *. 


f  • 

K--3r»7‘--3 


R'^C*)  -  I  r(k)u(k)z' 

k— 


I  il  A,2j) 

k-0  1-1 


k^  -k 


Z-*  -  I  A^/(l-z,z-^) 
1-1 


^(z) 


1-1  m-l 
n*l 

n  (1  -  z  z"M 

1-1 


(7-5) 


The  denomlnaCor  of  the  above  expression  nay  be  expanded  to  obtain 


n  n  _ 

n  (l  -  z.z”*)  “  1  “  I 

1-1  1-1  ^ 


(7-6) 


Where  {ai,»**,ai,}  are  real  since  the  poles  {zif***»*n}  occur  In 
complex  conjugate  pairs.  By  expanding  the  numerator  of  Eq.  (7-5)  In  a 
similar  manner  and  substituting  the  result  along  with  Eq.  (7-6)  Into  Eq. 


(7-5),  we  obtain 


R^(z) 
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1-0 

n 
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1-1 
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The  inverse  z-transform  of  both  sides  of  Eq.  (7-7)  may  be  obtained  by 
Inspection,  yielding 


n 

r(k)u(k)  -  I  a,r(k-l)u(k-i)  -  b. 
1-1 


where  b)(  -  0  for  k  <  0  and  k  >  n-1.  Therefore, 


n 

r(k)  -  a.r(k-l),  k  >  n  (7-8) 

1-1 


Cadzow  (Ref.  7-1]  refers  to  this  set  of  equations  as  the  "extended 
Tule-Walker  equations". 

Given  the  2n  autocorrelation  sequence  samples 
{r(d),*<*,r(d't'2n-l)|,  a  set  of  n  extended  Tule-Walker  equations  may  be 
written: 


r(d4n) 

r(d+n+l) 

• 

• 

■1 

• 

r(d+2n-l) 

r(d+n-l) 

r(d+n) 


r(d+2n-2) 


r(d+n-2) 

r(d+n-l) 


r(d+2n-3) 


(7-9) 


Introducing  matrix  notation. 


£(d4n,l,n)  ■  R(d,l,n,n)  £(n) 


(7-10) 


where 


£(8,t,u)  -  [r(8)  r(8+t)  r(8+2t)  •  •  •  r(8+(u-l)t) .  (7-11) 


R(8,t,u,v)  - 


and 


r(8+(v-l)t) 

r(84vt) 

r(8+(v+l)t) 


r(8+(v-2)t) 

r(8+(v-l)t) 

r(84vt) 


r(8) 

r(8+t) 

r(8+2t) 


r(8+(u+v-2)t)  r(8+(u+v-3)t)  •  •  •  r(8+(u-l)t) 


£(8)  -  [a^*  •  •  a^] 


Note  that  £(8,t,u)  la  a  column  vector  of  length  u,  R(8,t,u,v)  Is  a  u^v 
matrix,  and  ^(.s)  Is  a  column  vector  of  length  s.  The  necessity  of  this 
notation  will  become  apparent  later. 

The  autoregressive  coefficients  {ai,***,an}  can  be  determined 
by  solving  Eq.  (7-10): 


^(n)  -  ^  ^(d,l,n,n)  r^(d+n,l,n)  (7-12) 

Given  {ai,***,an},  the  autocorrelation  poles  (zi,***,Zn}  ^ 

determined  by  obtaining  the  solutions  to 

-  I  -  0  (7-13) 

1-1  ^ 


(see  Eq.  (7-6)). 
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Finally*  the  autocorrelation  sequence  mode  weights 
may  be  obtained  by  writing  Eq.  (7-3)  for  k  ■  d,d+l,*»»,d+n-l; 


r(d+l) 


r(d+n-l) 


In  matrix  notation* 


(7-14) 


d+n-1  d+n-1 

*1  *2 


d+n-l  . 

•  * 

n  n 


r(d*l,n)  -  V(d*n*n)  A(n) 


where  r  Is  as  defined  In  Eq.  (7-11), 


V(8*t*u) 


h  *2 

S+1  _8+l 


s+t-1  s+t-1 

®1  *2 


•  •  •  2 


•  •  Z 


.S+t-1 


A(s)  -  [A, 


Since  the  Vandermonde  matrix  V(d,n*n)  Is  always  nonsingular,  we  have 


A(n)  -  v“*(d,n*n)  r(d*l*n) 


(7-15) 
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Thus ,  the  power  spectrum  of  {x(k) }  can  be  calculated  by  performing 
the  following  steps*  First,  employ  Eq.  (7-12)  to  obtain  the 
autoregressive  coefficients  {a2,***,an}.  Second,  solve  Eq.  (7-13)  to 
obtain  the  autocorrelation  sequence  poles  {zi,***,Zn}.  Next,  employ 
Eq.  (7-15)  to  determine  the  autocorrelation  mode  weights  {A]^, 

Finally,  Insert  {Aj,»»«,A^}  and  {*j»***»*„l  (7-A)  to  obtain 

the  power  spectrum. 

This  procedure  assumes  the  availability  of  exact  autocorrelation 
sequence  samples  which  Is  rarely  the  case.  The  more  probable  situation  Is 
that  the  N  autocorrelation  estimates  {r(d),  ^(d-M),***,  r(d-fN-l)}  are 
available,  where  N  2n.  (The  caret  will  hereafter  be  used  to  Indicate 
an  estimated  quantity.)  In  this  case,  better  power  spectrum  estimates 
than  those  obtainable  by  simply  replacing  exact  with  estimated  auto¬ 
correlations  In  the  procedure  described  above  may  be  obtained  by  making 
the  following  modifications. 

First  note  that  it  Bq.  (7-9)  la  solved  with  "r"  replaced  by  “r"  to 
obtain  estimates  for  {a|,«**,a|||,  the  autocorrelation  estimates 
{r(d4>2n),***,r(d’HI-l))  are  ignored  (assuming  N  >  2n).  If  these  unused 
autocorrelation  estimates  are  of  good  quality,  the  Information  embodied 
In  them  concerning  (r(k)}  should  be  exploited.  Thus  the  procedure  for 
obtaining  {aj,***,a^}  should  be  modified  to  use  all  the  available  auto¬ 
correlation  estimates.  Such  a  modification  has  been  suggested  by  Cadzow 
[Ref.  7-1],  Beex  and  Scharf  (Ref.  7-3],  and  others.  They  propose  solving 
the  following  overdetcrmlned  set  of  extended  Tule-Walker  equations  In  the 
least  squares  sense  to  obtain  {aj,**«,a^}: 

£(d4n,l,N-n)  -  R(d,l,N-n,n)  a(n)  (7-16) 

where  the  notation  >  Is  used  to  Indicate  that  Eq.  (7-16)  possibly  defines 
an  Inconsistent  set  of  equations.  Assuming  £(d,l ,N-n,n)  Is  of  rank  n,  we 
have 


•-•.'•inr; 


a(n)  -  [|r(d,l,N-n,n)  R(d,l,N-n,n)r*  RJ^(d,l,N-n,n)  £(d+n,l,N-n) 


(7-17) 


Note  that  estimates  for  {a},***,an}  obtained  In  this  manner  are  based 
on  all  of  the  available  autocorrelation  estimates.  Raving  determined 
{aj,***,a^},  estimates  for  the  poles  {sj,***,*^}  may  be  determined  by 

solving  Eq.  (7-13)  with  replaced  by  a^^. 

A  similar  modification  Is  required  for  Eq.  (7-14)  to  ensure  that 

A  A 

no  autocorrelation  estimates  are  "wasted**  when  calculating 
We  might  consider  solving 

r(d,l,N)  A  V(d,N,n)  A(n) 

in  the  sense  that  lf(d.l,N)  -  ^(d.N,n)  A(n)l  Is  minimized  (a  similar 
technique  Is  proposed  In  Reference  7-3).  Since  In  general  ^(d.N,n)  will 
contain  complex  elements,  this  Is  equivalent  to  solving  the  following  set 
of  equations  In  the  standard  least  squares  sense: 


(7-18) 


where 


r(d,l,N) 


V,  -  Re[v(d,N,n)]  ,  V,  -  Im[v(d,N,n)] 


We  now  have  a  procedure  that  uses  all  available  autocorrelation 
estimates  to  construct  estimates  for  the  unknown  parameters  of  {r(k)). 
First,  Eq.  (7-16)  Is  solved  In  the  least  squares  sense  to  obtain 
{a^,***,a^}.  Then  Eq.  (7-13)  la  solved  with  a^  replaced  by  a^  to  obtain 

Finally,  Eq.  (7-18)  Is  solved  In  the  least  squares  sense  to 
obtain  {a^,***,A^}.  In  the  next  subsection  this  procedure  Is  analyzed  to 
determine  when  It  Is  sensitive  to  errors  In  {r(d) , • •• ,r(d+N-l) } . 


7.3  The  Sensitivity  Issue  In  Parameter  Estimation 

In  the  previous  subsection,  a  parametric  spectrum  estimation 
procedure  based  on  techniques  discussed  frequently  In  the  signal 
processing  literature  was  presented.  This  procedure  constructs  estimates 
for  the  parameters  {zi,***,Zn}  the  auto¬ 

correlation  estimates  {r(d) , • •• ,r(d+N-l) }.  If  {r(d) , • •• ,r(d-HI-l) }  are 

A  A 

replaced  by  exact  autocorrelations,  the  procedure  yields  z^  ■  z^  and  A^  > 
l*l,***,n.  Clearly,  autocorrelation  estimation  errors  are  the  sole  source 
of  errors  In  the  parameter  estimates.  Therefore,  the  factor  which 
governs  the  accuracy  of  {zj,»*»,z^}  and  *^he  sensitivity  of 

the  estimation  procedure  to  errors  In  {r(d), •• •,r(d+N-l) } . 

This  subsection  addresses  the  sensitivity  Issue.  Specifically  the 
sensitivity  of  the  autoregressive  coefficient  estimates  |a^,***,a^j  Is 
considered.  This  Is  a  reasonable  approach  to  evaluating  the  sensitivity 
of  the  entire  spectrum  estimation  procedure,  since  both  {zj,***,z^)  and 
{Aj,»»«,A^}  are  derived  from  {aj^,«»«,a^}. 

The  results  of  this  subsection  show  that  the  locations  of  the 
autocorrelation  poles  {zi,**'<,Zn}  In  the  complex  plane  have  a 
significant  effect  on  the  sensitivity  of  {aj,«**,a^}  to  errors  in 
{r(d) , *** ,r(d'fN-l) } .  In  the  next  subsection,  resolution  enhancing 
modifications  based  on  these  results  are  Incorporated  into  the  spectrum 
estimation  procedure  of  Section  7.2. 


7.3.1  The  Measurement  of  Sensltlvit 


The  estimates  for  the  autoregressive  coefficients  {ai,***,a„} 
are  obtained  via  solution  of  Eq.  (7-16}  in  the  least  squares  sense. 
Rewriting  Eq.  (7-16)  in  terms  of  exact  quantities,  we  have 

(r  +  «r)  -  (R  +  (a  +  &)  (7-19) 

where 


r^  ■  r^(d4n,l ,N-n)  ,  £(d+n,l,N-ti)  -  r^(d+n,l,N-n) 

R  ■  R(d,l,N-n,n)  ,  R(d,l,N-n,n)  -  R(d,l ,N-n,n) 

a  ■  ^(n)  ,  &  ■  ~  a,(n) 

Referring  to  Eq.  (7-8)  we  can  also  write 

I.  ■  R*.  (7-20) 

where  a^  is  the  unique  solution  to  Eq.  (7-20).  Thus  Eq.  (7-19)  is  a 
perturbed  version  of  Eq.  (7-20),  with  the  errors  in  {r(d) , •• • ,r(d+N-l) } 
causing  the  perturbations  and  6^,  which  in  turn  cause  the  perturbation 
in  the  least  squares  solution  of  Eq.  (7-19).  Since  we  are  Interested 
in  the  sensitivity  of  {ai,»»»,an}  to  errors  in  jr(d) , • ••,r(d+N-l) ),  our 
problem  is  to  determine  a  bound  for  the  "size**  of  6a  in  terms  6r  and  6R. 

Lawson  and  Hanson  [Ref.  7-10]  have  calculated  such  bounds  for  the 
perturbed  solutlohs  of  least  squares  problems.  Their  results  can  easily 
be  applied  to  our  problem,  but  before  doing  so  some  additional  notation 
must  be  introduced.  For  a  matrix  M,  let 
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IMI  »  nax{lMxl  :  IjcI  -  l} 


k(M)  -  IMI  •  IM^I 


(7-21) 


where  denotes  the  pseudoinverse  of  M.  Note  that  the  quantity  tc(M) 
defined  by  Eq.  (7-21)  Is  known  as  the  condition  number  of  K* 

Theorems  9.12  and  9.15  (p.  51)  of  Lawson  and  Hanson  may  now  be 
restated  In  terms  of  the  problem  of  determining  the  sensitivity  of  6a  to 
dr^  and  Assuming  I5RI  ■  1^7)  <  i,  we  have 


A 

Rank  [R(d,l ,N-n,n) ]  ■  n 


■  n 

(7-22) 

ISRI  I6rl\ 

lRi“  / 

(7-23) 

I’lR^I  <  1  always. 

However, 

lal  -  l-te(R)«l6Rl/lRI 


the  results  obtained  by  making  this  assumption  seem  reasonable,  and  can 
be  verified  with  numerical  examples  [see  Ref.  7-14].  The  Importance  of 
Eq.  (7-22)  Is  that  it  ensures  the  validity  of  Eq.  (7-17).  However, 

Ineq.  (7-23)  Is  the  far  more  significant  result.  It  clearly  Indicates 
that  the  sensitivity  of  to  ^  and  d£  Is  governed  by  K[R(d, 1 ,N-n,n) ] . 
Thus  the  condition  number  of  ^(d,l,N-n,n)  will  In  what  follows  be  used  as 
a  measure  of  the  sensitivity  of  {a^,***,ai|)  to  errors  In 
{r(d),*«*,r(d+N-l)}. 

7.3.2  Properties  of  the  Condition  Number 

It  can  be  easily  demonstrated  by  considering  the  singular  value 
decomposition  of  each  matrix  that 
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(7-25) 


where  Onmy  and  Og,^jj  denote,  respectively,  the  maximum  and  minimum 
singular  values  of  Jt(d,l,N-n,n).  Combining  Eqs.  (7-21),  (7-24),  and 
(7-25),  we  get 


which  Indicates 


•c(R) 


o 

max 

o  . 
min 


1  <  <(R) 


(7-26] 


From  Eq.  (7-23)  we  see  that  k(JJ) 

relatively  Insensitive  to  errors 
k(R)  »  1  suggests  the  opposite. 

An  additional  formula  for 


A  A 

«  1  indicates  that  {aj,*»»,a^}  will  be 
In  {r(d),»»»,r(d+N-l)},  whereas 

the  condition  number  can  be  obtained  by 


noting 
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max 
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(7-27) 

(7-28) 


where  and  Aq^u  denote,  respectively,  the  maximum  and  minimum 

eigenvalues  of  rT'r.  Combining  Eqs.  (7-26),  (7-27),  and  (7-28)  results 
in 


k(R) 


(A  /X  ,  ) 
max  min 
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(7-29) 


7,3.3  The  Effect  of  Pole  Location 


The  remainder  of  this  subsection  Is  devoted  to  an  Investigation  of 
the  relationship  between  the  locations  of  the  autocorrelation  poles 
{*l****»*n}  t**®  conditioning  of  R(d,l,ll-n,n).  For  the  sake  of 

simplicity,  consideration  la  limited  to  the  case  where  d  ■  0.  This  Is  a 
reasonable  approach,  since  frequently  the  available  autocorrelation 
estimates  are  {r(0), •••,r(N-l)| 

Because  we  are  concerned  with  the  problem  of  obtaining  good 
spectral  resolution.  It  will  be  assumed  In  this  subsection  that  {r(k)}  Is 
characterized  by 


n/2 

r(k)  »  I  (7-30) 

1-1 


where  0  <  uj  <  <  v  ,  1-1 ,  •  •  •  ,(n/2)-l.  Note  from  Eq.  (7-3)  that 


the  poles  of  {r(k)}  are  (e  ■,*••,€ 


...  .l“n/a  .*l“l 


e  ' ,»»*,e  ■  ■ That  Is, 

the  pole  configuration  Is  symmetric  with  respect  to  the  real  axis,  with 
the  poles  lying  on  the  unit  circle.  The  autocorrelation  mode  fiequencles 
{«!,••  •,<11^/2}  determine  the  locations  of  the  poles  on  the  unit 
circle. 


The  conditioning  of  R(0,l,N-n,n)  will  be  examined  when  n  -  2  and 
n  -  4,  and  the  results  obtained  will  be  extrapolated  for  n  >  4.  By  noting 
for  which  frequencies  {“i»*****"n/2^  condition  number  ic[^(0,l,N-n,n)] 

Is  relatively  small,  pole  locations  which  facilitate  the  estimation  of 
fai,***,afi}  will  be  made  apparent.  In  Section  7.4,  these  results  are 
used  to  obtain  modifications  which  Improve  the  resolution  obtainable  by 
the  spectrum  estimation  algorithm  of  Section  7.2, 


7.3.3. 1  The  Single  Sjoasold  Case 

First  to  be  considered  in  the  case  where  n  ■■  2.  We  have 


r(k) 

-  B 

cos  oik 

and 

R(0,l,N-2,2) 

- 

■  r(l) 
r(2) 

• 

• 

r(0)  ■ 
r(l) 

• 

• 

• 

.r(N-2) 

• 

r(N-3). 

In  accordance  with  the  above  discussion,  we  want  to  determine  the  effect 
of  (I)  on  ic[R(0,l,N-2,2)]. 

First  note  that  If  u  approaches  0  or  it,  the  columns  of 
JR(0,l,N-2,2)  approach  linear  dependence.  We  can  therefore  expect 
ie[R(0,l,N-2,2)l  »  1  when  u  *  0  or  w  *  ir.  This  result  has  an  Important 
Interpretation,  namely  that  when  the  angular  separation  of  the  poles 
{eJ“*,  e“J“}  Is  small,  R(0,l,N-2,2)  will  be  poorly  conditioned.  One 
might  then  speculate  as  to  whether  R(0,l,W-2,2)  will  be  well  conditioned 
when  the  poles  achieve  their  maximum  possible  angular  separation 
(<i)  »  x/2). 


When  «  ■  ir/2,  ic[^(0,l,N-2,2)l  Is  easily  calculated  by  applying 

Eq.  (7-29).  We  have 


r(l)  r(0) 
r(2)  r(l) 


I  r(N-2)  r(N-3) 


'r(l)  r(2) 

.r(0)  r(l) 


r(N-2)' 

r(N-3). 


when  (0  -  ir/2 


Clearly,  when  N  la  even,  <[^(0,1 ,N-2,2) ]  exhibits  its  minimum 
possible  value  when  u  -  ir/2.  Figures  7-2a  through  7-2e  demonstrate  the 
behavior  of  k;[R(0,1  ,N-2,2)  1  as  a  function  of  u  when  N  is  even.  In  the 
figures,  1/k[^(0,1,N-2,2)]  Is  plotted  to  facilitate  the  handling  of  those 
situations  where  k[R(0,1,N-2,2}]  becomes  unbounded. 

When  <i>  >  x/2  and  N  la  odd,  k[R(0,1^N-2,2) ]  approaches  1  as  N 
approaches  <».  Also,  If  k[^(0,1 ,N-2,2) ]  Is  treated  as  a  function  of  u.  It 
can  be  demonstrated  by  means  of  lengthy  and  tedious  calculations  that 
k[^(0,1  ,N-2,2)]  will  exhibit  a  local  minloRim  at  (i>  *  v/2  when  N  is  odd. 

Since  this  local  minimum  approaches  1  as  N  approaches  •*,  we  might 
consider  the  possibility  that  the  local  minimum  Is  actually  a  global 
minimum  (with  respect  to  (i>)  when  N  Is  odd.  It  appears  that  this  Is  the 
case  (see  Figures  7-3a  through  7-3e  for  evidence  substantiating  this 
claim). 

Thus  It  will  be  assumed  that  k[R(0,1 ,N-2,2) ]  exhibits  Its  minimum 
value  at  u  •  x/2  for  all  values  of  N.  It  now  becomes  apparent  that  the 
conditioning  of  ^(0,l,N-2,2}  depends  on  the  angular  spacing  of  the  auto¬ 
correlation  poles  {eJ*",  e'J*").  If  the  poles  are  closely  spaced  (usQ  or 
max),  k(JK(0,1 ,N-2,2)]  will  be  large.  If  the  angular  separation  is  the 
maximum  achievable  ((i^x/2),  k[^(0,1,N-2,2)]  will  be  the  minimum  obtainable 

for  the  given  value  of  N. 

We  might  now  consider  whether  these  results,  when  appropriately 
modified,  are  applicable  to  the  conditioning  of  ^(0,l,N-n,n)  when  n  Is  an 
arbitrary  even  number  and  {r(k)|  Is  characterized  by  Eq.  (7-30). 
Specifically,  the  validity  of  the  following  guideline  for  determining  the 
effect  of  the  mode  frequencies  on  k[M0, 1  ,N-n,n) ]  will’ 

be  considered. 


-2e 


r,  r,  i.-  j;-  v 


Guideline  1.  The  conditioning  of  R(0tl,N-n,n)  depends  on  the  angular 


spacing  of  the  poles  {e 


J“i 


•••.e 


n/2 


-JM 


1 


-J“ 


‘•.e 


In  the  following 


manner.  If  treated  as  a  function  of  K[^(0.1,N-n,n)] 

will  exhibit  Its  minimum  value  when  the  ai^lar  separation  of  adjacent 
poles  is  2w/n.  If  the  separation  of  any  two  poles  is  much  less  than  2ir/n, 
then  ic[R(0,l,N-n,n)l  »  1.  □ 


Because  of  the  difficulty  In  resolving  closely  spaced  spectral  peaks,  we 
expect  <[^(0,l,N-'n,n)l  to  depend  on  the  angles  {Au^  > 

l«l,**«,(n/2)-l}  which  separate  {e  ^,*»»,e  **  }.  But  Guideline  1  is 
important  because  it  suggests  that  ic(^(0,l,N-n,n)]  depends  not  only  on 
(Auj^;  l-l,*»»,(n/2)-l|,  but  also  on  the  angles  2a)i  and  2(x-aHi/2) 

which  separate,  respectively,  the  low  frequency  poles  {e  ,  e  ]  and  the 

.  .  .  ,  ,1  ■^*^n/2  ^*^0/21 

high  frequency  poles  {e  ,  e 

Hext  the  validity  of  Guideline  1  is  demonstrated  for  the  case 
where  n  ■  4.  The  special  significance  of  the  spacing  issue  for  the  high 
and  low  frequency  poles  is  also  discussed. 

7. 3.3.2  The  Two  Sinusoid  Case 
Letting  n  >  4,  we  have 


r(k)  ■  Bj  cos  Ujk  +  B2  cos  <0^ 


and 


R(0,l,N-4,4)  - 


r(3)  r(2) 

r(4)  r(3) 

•  • 

•  • 

•  • 

r(N-2)  r(N-3) 


r(l)  r(0) 

r(2)  r(l) 

•  • 

•  • 

«  • 

r(N-4)  r(N-5) 
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As  with  the  single  sinusoid  case,  we  will  attempt  to  gain  insight  into  the 
problem  of  estimating  {a^,  a2,  a3,  a4}  by  considering  k[R(0,1,N-4,4)]. 

Since  Eq.  (7-29)  indicates  that  to  do  so  requires  determining  the  roots  of  a 
fourth  order  polynomial  (for  which  there  is  no  general  solution),  we  must 
approach  the  problem  numerically. 

The  eigenvalue  solving  routines  of  the  EISPAC  subroutine  package 

[Ref.  7-11]  have  been  used  to  calculate  <[^(0,1 ,N-4,4) ]  for  various 

values  of  B,/B. ,  w, /<■)_,  u  ■  ((i),-Hi).)/2,  and  N.  Of  interest  is  the 
1  Z  1  Z  C  1  z 

relationship  between  k(^(0,1 ,N-4,4) ]  and  a^.  In  Figures  7-4a  through 
7-4e  this  relationship  is  depicted  for  different  values  of  B^/B2, 

Ul/(d2>  *nd  N.  Note  that  in  these  plots,  l/ic[^(0,l  ,N-4,4)]  is  plotted 
only  for  these  values  of  Wq  such  that  0  <  »}  <  <02  <  ir.  For  example, 
1/<(^(0,1  ,N-4,4)]  is  plotted  only  for  0  <  <1^/1*  <  0.7  in  Fig.  7-4a. 

For  given  values  of  Bj^/B2,  “j/“2»  '^IJR(0»l»N-4,4)  ] 

denote  the  minimum  value  of  k[R.(0,1,N-4,4)]  ,  and  let  denote  the  value 

of  where  k[_R(0,1,N-4,4)1  •  <(^(0,1  ,N-4,4)  ] .  It  is  instructive  to 

fix  B, /B.  and  N,  and  consider  k[R(0,1 ,N-4,4) ]  and  w  as  functions  of 
1  z  •—  c 

*^l^'^2*  Figures  7-5  and  7-6,  and  k(R(0,1,N-4,4) ]  are  plotted  against 
“l/®2  **  *  208  and  Bj/B2  ■  1/4,  2/3,  1,  3/2,  and  4.  The  value 

N  -  208  was  chosen  because  for  given  values  of  8^/82  and  (o^/o^  It 
appears  that  at  N  -  208  is  a  good  approximation  for  at  all  values  of 
N  (for  example,  see  Table  7-1). 

Figures  7-4,  7-5,  and  7-6  now  enable  us  to  discuss  the  validity 
of  Guideline  1  for  the  case  where  n  >  4.  First  note  by  referring  to 
Figure  7-6  that  k(R(0,1  ,204,4) ]  appears  to  achieve  its  minimum  at  <**^/ *^2  ~ 
for  all  values  of  8^/82.  In  addition.  Figure  7-5  indicates  that 


I  • 


'  .  • '  •  '  »  •  •  •  ■ 
s:  • 'S'''.' 

>  "-V 

•  •  • '  •  •  •  •  • 


nV* 


Figures  7-4.  Reciprocal  of  the  condition  number  of  autocorrelation 

matrix  R(0,l.N-4,4)  as  a  function  of  center  frequency  04 
(two  sinusoid  case). 
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Table  7- 

• 

1.  <>)  as  a  function  of 

c 

N  for  Bj/B^-l,  and  a>j/(i)2-0.9  . 

N 

u  /n 
c 

(^IR,0.1,N-4,4)])"2 

• 

8 

0.523 

0.5738  X  10-^ 

13 

0.568 

0.3947  X  10-3 

.  .• 

18 

0.516 

0.1802  X  10-2 

23 

0.537 

0.4764  X  10-2 

28 

0.510 

0.8908  X  10-2 

^  :  ‘  1 _ _ 

33 

0.500 

0.9912  X  10-2 

38 

0.500 

0.8536  X  10-2 

43 

0.500 

0.6200  X  10-2 

48 

0.501 

0.5422  X  10-2 

53 

0.501 

0.5299  X  10-2 

58 

0.505 

0.6109  X  10-2 

m  ’  I  ■  ■  *  * 

68 

0.503 

0.8113  X  10-2 

• 

78 

0.500 

0.7215  X  10-2 

88 

0.501 

0.5955  X  10-2 

98 

0.503 

0.6764  X  10-2 

108 

0.501 

0.7698  X  10-2 

•  V-'  * 

128 

0.502 

0.6225  X  10-2 

148 

0.501 

0.7436  X  10-2 

• 

168 

0.502 

0.6432  X  10-2 

188 

0.500 

0.7239  X  10-2 

208 

0.502 

0.6598  X  10-2 

Table  7-2. 

u  as  a  function  of  N 
c 

and  (i»2/“j»0.9. 

for  n-6,  (d^/w^-O.O, 

N 

M  /ir 

c 

'V'." 

v-'\ 

12 

0.518 

22 

0.626 

•  •  •  - 

32 

0.504 

42 

0.500 

52 

0.504 

62 

0.504 

72 

0.500 

82 

0.500 

92 

0.504 

_ 9L _ 

102 

0.500 

112 

0.500 
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u  »  ir/2  at  -  1/3  for  all  valuea  of  These  results  suggest  that 

c  l  z  1  z 

when  treated  as  a  function  of  uj  and  u>2,  )c(R(0,l  ,204,4)  ]  assumes  Its 
minimum  when  -  Tr/4  and  (■>2  ~  3ir/4,  or,  equivalently,  when  the  angular 

separation  between  adjacent  autocorrelation  poles  Is  2r/n.  This  result  ls> 
suggested  by  Guideline  1. 

Guideline  1  further  suggests  that  If  the  angle  separating  any  two 
poles  Is  much  less  than  2Tt/n,  then  tc(^(0,l  ,204,4)]  »  1.  By  referring  to 
Figures  7-4,  7-5,  and  7-6,  the  reader  will  note  this  Is  clearly  the 
situation. 


Thus,  It  appears  that  Guideline  1  Is  valid  for  the  ease  where 
n  «  4.  Because  of  the  validity  of  this  guideline  when  n  ■  2  and  n  >  4,  one 
might  Intuitively  expect  that  It  Is  valid  for  arbitrary  even  n.  It  has  been 
the  author's  experience  that  this  is  the  case,  and  In  all  that  follows  the 
validity  of  Guideline  1  will  be  assumed  for  all  even  values  of  n. 


Before  terminating  this  subsection,  a  result  which  has  Important 
Implications  for  the  spectral  resolution  problem  must  be  stated. 
Specifically,  by  referring  to  Figure  7-5,  we  see  that  when  (i)|^/ii)2’  Is 
close  to  1,  a  x/2.  This  result  seems  to  Indicate  that  when  uj/u>2  *  1, 

J“2  "J"2, 

the  angular  spacing  of  the  high  frequency  poles  {e  ,  e  }  and  of  the 
low  frequency  poles  |e  ,  e  ]  Is  more  Important  In  determining 

,  J“2, 

k[^(0,1,N-4,4)]  than  the  angular  separation  of  (e  ,  e  },  since  the 

,  J“l  J"2, 

separation  of  {e  ,  e  )  does  not  vary  much  with  oi^. 


It  seems  reasonable  to  consider  the  generalization  of  this  result 
for  all  even  values  of  n  >  2.  Thus  we  have  a  second  guideline  for 
Judging  the  effect  of  the  mode  frequencies  (<^i,  **  on 

conditioning  of  ^(0, 1 ,N-n,n) : 
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Guideline  2.  For  fixed  » ** * ^  *  ^“l^“(n/2) 


“(n/2)-l^“(n/2)^’  *"** 


N,  let  o>^  denote  the  value  of  where  k(R(0,1  ,N-n,n)  ] 

assuffles  Its  minimum.  If  u, /u.  ...  Is  close  to  1,  then  u  x/2.  □ 

1  vn/2;  c 


It  has  been  the  experience  of  the  author  chat  Guideline  2  is  generally 
correct  (for  example,  see  Table  7-2),  and  therefore  it  will  be  assumed 
valid  In  all  chat  follows. 

In  this  subsection,  Che  sensitivity  of  Che  spectrum  estimation 
procedure  of  Section  7.2  Co  autocorrelation  estimation  errors  has  been 
examined.  Specifically,  guidelines  have  been  formulated  for  determining 
the  effect  of  Che  autocorrelation  poles  on  error  sensitivity.  Guideline  1 
applies  to  autocorrelation  sequences  descrlbable  by  Eq.  (7-30),  whereas 
Guideline  2  is  restricted  to  those  sequences  with  <**i/“(n/2)  close  to  1. 

In  Che  next  subsection,  these  guidelines  lead  to  modifications  which 
Improve  the  resolution  obtainable  by  the  procedure  of  Section  7.2. 


The  Role  of  Desampling  In  Improving  Spectral  Resolution 


The  results  of  the  previous  subsection  suggest  that  the 
configuration  of  the  autocorrelation  poles  In  the  complex  plane  has  a 
significant  effect  on  the  performance  of  Che  spectrum  estimation 
algorithm  of  Section  7.2.  The  purpose  of  this  subsection  Is  to  show  Chat 
performance  can  be  Improved  considerably  by  desampling  Che  auto¬ 
correlation  sequence  to  "move”  Che  poles  to  desirable  locations.  To  this 

•  •  # 

end  a  modified  spectrum  estimation  procedure  which  employs  autocorre¬ 
lation  desampling  Is  constructed. 


7,4.1  The  Effect  of  Desanpllng  the  Autocorrelation  Sequence 


Assume  {r(k)}  is  representable  by  Eq.  (7-3),  and  consider  the 
desampled  autocorrelation  sequences  defined 
by  Eq.  (7-1).  Combining  Eqs.  (7-1)  and  (7-3),  we  have 


Clearly,  each  desampled  sequence  {rf|  j(k)}  has  the  same  set  of  poles 
{z^  '****^n  ^  see  that  desampling  {r(k)}  has  the  effect  of 

relocating  each  autocorrelation  pole  in  the  complex  plane: 

Zj  ♦  Zj  ,  i«l,***,n 

If  we  can  further  assume  that  {r(k) }  is  representable  by 
Eq.  (7-30),  then  we  see  that  desampling  the  autocorrelation  sequence 
changes  the  angular  spacing  of  the  poles.  This  Is  a  significant  result 
In  light  of  Guidelines  1  and  2  of  Section  7.3  because  it  suggests  that 
proper  choice  for  the  desampling  Interval  M  might  result  In  a  pole 
configuration  for  the  sequences  superior  to 

the  pole  configuration  for  {r(k)}.  For  such  situations  It  is  desirable 
to  modify  the  spectrum  estimation  procedure  of  Section  7.2  so  that  the 
autoregressive  coefficients  of  {.(r|f^j(k) }:  are  estimated 

Instead  of  the  autoregressive  coefficients  of  {r(k)}.  Since  the 
desampled  autocpftelation  sequences  {(t)i|^j(k) }:  J>0,***,H-l)  have  the 

same  poles,  they  also  have  the  same  autoregressive  coefficients 
(see  Eq.  (7-6)).  Letting  {aM,! i * ** »«M,n}  denote  the  autoregressive 
coefficients  of  J“0, •• ’.M-l } ,  with  a^^j  ■  a^, 

l>l,***,n,  the  following  modified  spectrum  estimation  procedure  Is 
proposed : 


Step  1«  Determine  an  appropriate  value  for  M  based  on  Guidelines  1 

and  2  of  Section  7.3. 

Step  2.  Estimate  laM,i,***,aM,n}* 

Step  3.  Estimate  }  by  solving  Eq.  (7-13)  with  a^ 

replaced  t>y  a^^ 

Step  4.  Obtain  from  . 

Step  5.  Obtain 

Step  1  of  the  above  procedure  Is  discussed  In  Reference  7-14.  Step  3  Is 
self  explanatory.  Steps  2  and  4  are  discussed,  respectively.  In  Sections 
7.4.2  and  7.4.3.  Step  5  Is  also  discussed  briefly  in  Section  7.4.3. 


7.4.2  Estimation  of  Autoregressive  Coefficients 

Assuming  the  availability  of  {r(0) , •••,r(N-l) | ,  the  procedure  of 
Section  7.2  obtains  {aj,»»*,a^}-  by  solving 


In  the  least  squares  sense.  We  might  consider  applying  this  technique  to 
the  sequence  {r^^  to  obtain  {a^^  1****’^  n^* 

Replacing  "r”  with  "r„  and  N  with 


in  Eq.  (7-31)  we  have 


A 

*M,1 

• 

•  • 

• 

• 

- 

•  • 

• 

• 

•  • 

- 1 

C 

. 

_ 1 

The  notation  (.xj  denotes  the  integer  satisfying  [xj  £x<  [xj  +1, 
and  denotes  the  number  of  estimates  corresponding  to  {rff^jCk)} 

in  lr(0),*««,r(N-l)}.  Noting  that  ^(k)  -  r(M|kj  +  j),  we  get 

£(Mn  +  J,  M,  j  -  n)  *  (7-32) 


Assuming 


N„  -  >  2n 

“  I J  •• 

a^(n)»{ajj  i»***»^  n)  “*7  obtained  by  solving  Eq.  (7-32)  in  the  least 
squares  sense. 

II  I  M  Ml 

z^l  =  1,  i»l,**»,n,  and  M  is  chosen  to  position  .•••,z^  \ 

advantageously  in  the  complex  plane  (according  to  Guidelines  1  and  2), 

then  one  might  expect  (a„  }  obtained  via  Eq.  (7-32)  to  be  less 

N^n 

sensitive  than  {a^,***,a^}  obtained  via  Eq.  (7-31)  to  errors  in 

{r(0),*»«,r(N-l)}.  However,  any  tendency  for  the  sensitivity  of 

{a„  ,,***,a„  I  to  decrease  is  offset  by  the  fact  that  only  N„  ,  *  N/M  of 
n,i  n,n  n,j 

the  N  available  autocorrelation  estimates  {f(0), ***,r(N-l) }  are  used  to 
calculate 


since  the  sequences  share  the  same 

autoregressive  coefficients  (a^  l'**'*Sln^*  following  technique 
Is  proposed  In  an  effort  to  use  all  the  available  autocorrelation 
estimates  to  calculate  i’****^  n^* 


Vj  ^ 


I  (N„  .  -  n)  >  n 

JmQ 


let  {a^  If ***!&»  i  ^  obtained  by  solving  the  following  set  of  equations 

Np  1  npn 


in  the  least  squares  sense: 


_r(Mn,M,Njj  Q-  n) 

r(Mn+l,M,N„  -  n) 
— 


R(0,M,N^  Q-  n,n) 


R  n.n) 


(7-33) 


As  with  {a„  ,f***fa».  }  obtained  via  Eq.  (7-32),  one  might  Intuitively 

flpl  flpll 

expect  l'***’^  obtained  via  Eq.  (7-33)  to  benefit  from  an 

advantageous  pole  configuration  for  {(r({^j(k)}:  J>0, ■* * ,M-1 } . 

However,  because  all  available  autocorrelation  estimates  are  used, 

{a^  p***f^  obtained  via  Eq.  (7-33)  should  be  superior.  Therefore, 
In  all  that  follows,  {a,,  ,,***, a„  }  will  be  obtained  via  Eq.  (7-33). 

Hf  1  N  pn 


Once  {a  ,»•••»«„  }  have  been  determined,  may  be 

rf^i  i  n 

obtained  aa  diacussed  previously.  In  the  next  aubaeetion,  techniques  for 
determining  from  {z j**, •••,z^*^}  are  presented. 

7.4.3  Obtaining  Pole  Estimates  from  Desampled  Sequence  Pole  Estimates 
Consider  z^^  written  in  polar  form: 


-  |z^j**  exp[j(Arg  z^^  +  )  ] 

where  Arg  z^^  denotes  the  principal  argument  of  z^^  and  t  is  any  Integer. 
The  principal  argument  is  defined  here  as  the  unique  real  number  which 
satisfies  z  «  |z|  exp(j*Arg  z)  and  -x  <  Arg  z  ^  it  for  any  nonzero  complex 
number  z.  Clearly, 

*1  *  |*l|  «*p[j(Arg  Zj^**  +  2itm)/M]  (7-34) 

where  m  is  some  Integer  satisfying 

0  £  m  £  M-l 

In  order  to  determine  m,  additional  information  concerning  the  locations 
of  {zi,***,Zf,}  in  the  complex  plane  is  required. 


In  this  subsection,  knowledge  of 


will  be  assumed,  even  chough  <%1q  and  «^x  usually  not  be 

available.  However,  any  appropriate  spectrum  estimation  procedure,  such 
as  the  Blackman-Tukey  method  [Reference  7-1,  p.  908,  and  references 
therein],  can  be  employed  to  obtain  estimates  for  these  quantities. 
Procedures  will  be  discussed  for  determining  m  when 


M 


max 


<  V 


(7-35 


and  when 


lir  <  M 


C4  ^  <  M  •  u 

min  —  max 


<  (l+l)it 


(7-36 


where  1  Is  an  Integer  satisfying  t  1.  As  Is  discussed  In 
Reference  7-14,  Ineqs.  (7-35)  and  (7-36)  describe  many  situations  of 
practical  Importance. 

He  first  consider  Che  case  where  Ineq.  (7-35)  holds.  For  this 
case,  we  have 


and 


Arg  <  IT 
Arg  z^  -  Arg  z^**/M 


(7-37 


for  i>l,**«,n.  Thus  If  Arg  z^^  <  x,  it  seems  reasonable  to  set  m  >  0  in 
Eq.  (7-34).  However,  if  Arg  z^^  -  x,  Eq.  (7-37)  suggets  that  z^**  Is  a 
mathematical  artifact  and  therefore  should  be  Ignored.  This  can  be 
accomplished  by  setting  A^  «  0. 

The  situation  becomes  slightly  more  complicated  when  Ineq.  (7-36) 
holds.  From  Ineq.  (7-36)  note  Chat 


0  <  lArg  z/*j  <  X 


(7-38 


•n.  Also 


for  i“l, ••• 


Arg  Si 


(Arg  +  A»)/M  , 

(Arg  -  t»)/M  , 

(Arg  -  (t+l)ir)/M  . 

(Arg  2^”  +  (f+l)ii)/M  » 


M 

t  even,  0  <  Arg  <  v 

M 

t  even,  -w  <  Arg  z^  <  0 

t  odd  ,  0  <  Arg  z^^**  <  w 

t  odd  ,  -*  <  Arg  z^  <  0 


Thus  it  seems  reasonable  to  choose  m  of 


Eq.  (7-34)  as  follotra: 


1/2  , 

1  even 

-1/2  , 

1  even 

(l+l)/2  , 

1  odd 

(l+l)/2  , 

1  odd 

0  <  Arg  Zj^’^  <  w 
-w  <  Arg  z^  <  0 
0  <  Arg  z^^  <  V 
-w  <  Arg  Zj^W  <  0 


If  Arg  z^  ■  0  or  Arg  z^  ■  v,  then  In  light  of  Eq.  (7-38),  z^^^  can  be 
assumed  spurious  and  should  be  Ignored  by  setting  Ai  •  0. 

Once  the  pole  estimates  for  {r(k)}  have  been  obtained,  the 
procedure  discussed  In  Section  7.2  may  be  used  to  estimate 
{Ai,***,An}.  For  those  cases  where  It  Is  not  necessary  to  constrain' 
any  of  {a^,**«,A^}  to  be  equal  to  zero,  Eq.  (7-18)  Is  solved  In  the  least 
squares  sense  to  obtain  {a^,*«*,A^}.  When  It  Is  necessary  to  set  A^  >  0, 
the  1-th  columns  of  and  in  addition  to  the  1-th  elements  of  A^  and 
^  must  be  deleted  before  Eq.  (7-18)  Is  solved. 


7.5 


Conclusion 


In  a  number  of  applications  Including  radar  Doppler  processing  and 
system  Identification,  It  Is  necessary  to  obtain  power  spectrum  estimates 
which  exhibit  good  resolution  of  closely  spaced  spectral  magnitude 
peaks.  Currently  there  Is  a  great  deal  of  research  being  conducted  which 
addresses  the  problem  of  Improving  the  resolution  obtained  by  power 
spectrum  estimation  techniques.. 

In  this  section  a  new  approach  to  the  resolution  problem  was 
presented.  Specifically,  a  procedure  for  obtaining  spectrum  estimates 
from  autocorrelation  sequence  estimates  was  analyzed  to  determine  Its 
sensitivity  to  errors  In  the  autocorrelation  estimates.  Thd  results  of 
this  analysis  clearly  demonstrate  that  the  locations  of  the  autocorrela¬ 
tion  poles  In  the  complex  plane  have  a  significant  effect  on  the  error 
sensitivity  of  the  spectrum  analysis  procedure  which  was  under 
consideration.  In  particular,  it  appears  that  error  sensitivity  becomes 
a  particularly  acute  problem  when  poles  are  closely  spaced,  thus 
Indicating  the  difficulty  encountered  when  high  resolution  spectrum 
estimates  are  sought. 

As  a  remedy  for  this  problem,  a  modified  spectrum  estimation 
procedure  was  proposed  which  employs  autocorrelation  desampling  as  a 
means  of  artificially  separating  closely  spaced  poles,  thus  relieving  the 
error  sensitivity  problem.  The  unique  features  of  this  procedure  are 
that  It  employs  all  available  autocorrelation  estimates,  and  that  the 
size  of  the  desampling  Interval  used  is  not  bounded  by  spectral  aliasing 
considerations.  The  Improved  resolution  obtained  by  this  modified 
procedure  is  demonstrated  via  numerical  examples  in  Reference  7-14. 

Thus,  by  posing  the  spectral  resolution  problem  as  one  of 
decreasing  error  sensitivity,  we  have  observed  that  resolution  can  be 
considerably  Improved  by  placing  the  poles  of  the  autocorrelation 
sequence  In  desirable  locations  by  desampling.  Since  appropriate  choices 


for  desampling  Intervals  laay  be  obtained  easily  and  with  a  minimum  of 
a  priori  knowledge  (see  Ref.  7-14),  the  results  of  this  section  should  be 
quite  valuable  to  the  researcher  requiring  high  resolution  power  spectrum 
estimation. 
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SECTION  8 


A  CUBIC  SPLINE  BASED  APPROXIMATION  SCHEME  FOR  THE 
ESTIMATION  OF  PARAMETERS  IN  HYBRID  SYSTEMS  INVOLVING 
BEAMS  WITH  ATTACHED  TIP  BODIES 


8.1  Introduction 

Important  classes  of  proposed  shuttle-attached  payloads  and  free 
flying  space  structures  consist  of  long,  slender,  flexible  trussed  masts 
with  massive  tip  bodies.  In  anticipation  of  the  need  for  high  fidelity 
models  for  the  dynamics  of  structures  of  this  type  (for  purposes  of 
dynamic  Interaction  and  stability  studies  and  eventually  control  design) 
we  develop  numerical  approximation  schemes  for  the  Identification  of 
distributed  parameter  models  describing  the  transverse  vibration  of 
flexible  beams  with  attached  tip  bodies. 

Using  the  Euler-Bernoulll  theory  to  describe  the  vibratory  motion 
of  the  beam,  imposing  all  necessary  simple  boundary  conditions  (e.g., 
clamped  ends,  pinned  ends)  and  using  force  and  moment  relations  to  derive 
the  boundary  conditions  which  describe  the  motion  at  the  ends  with  tip 
bodies,  one  obtains  a  coupled  system  of  ordinary  and  partial  differential 
equations.  Systems  such  as  this  are  often  referred  to  as  hybrid 
systems.  Effects  due  to  externally  applied  loads  to  either  the  beam  or 
the  tip  bodies  are  modeled  and  appear  as  nonhomogeneous  terms  in  either 
the  partial  differential  equation  describing  the  vibration  of  the  beam  or 
in  the  boundary  conditions  describing  the  motion  of  the  tip  bodies. 
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The  Identification  problem  Is  formulated  as  a  least  squares  fit  to 
data.  It  Is  assumed  that  displacement  measurements  at  various  positions 
along  the  beam  at  various  times  have  been  provided  and  estimates  of 
unknown  parameters  appearing  In  the  model  (e.g.  flexural  stiffness,  mass 
density,  rigid  body  mass  properties)  are  sought  by  minimizing  the  sum  of 
the  squares  of  the  differences  between  the  output  of  the  model  and  the 
given  observations.  The  fact  that  the  constraints  In  the  problem  are 
Infinite  dimensional  and  distributed  In  nature  necessitates  the 
development  of  approximation  schemes. 

Our  general  approach  Is  similar  In  spirit  to  that  which  was 
described  In  References  8-1  and  8-3  for  similar  classes  of  problems.  We 
rewrite  the  coupled  system  of  ordinary  and  partial  differential  equations 
governing  the  dynamics  of  the  system  as  an  abstract  operator  evolution 
equation  (AEE)  In  an  appropriate  Hilbert  space.  Using  cubic  spline  based 
subspaces  and  a  Galerkin-llke  approach  applied  to  the  AEE  we  are  led 
naturally  to  a  sequence  of  approximating  identification  problems  In  each 
of  which  the  constraining  state  equations  are  finite  dimensional.  Using 
linear  semigroup  theory  we  are  able  to  prove  that  each  of  the 
approximating  problems  admits  a  solution  which  In  some  sense  approximates 
the  solution  to  the  original  Identification  problem.  As  a  result  of  the 
finite  dimensionality  of  the  constraints,  such  a  solution  Is  easily  found 
using  standard  techniques  and  readily  available  software.  These  ideas 
will  be  made  more  precise  In  Sections  8.2  and  8.3.  In  Section  8.4  we 
discuss  a  numerical  example,  while  In  Section  8.5  we  outline  some  of  the 
possible  extensions  to  the  results  which  are  presented  here. 

In  what  Is  to  follow,  the  spaces  H^(a,b)  denote  the  Sobolev 
spaces  of  real-valued  functions  defined  on  the  Interval  [a,b]  whose 
(k-l)st  derivatives  are  absolutely  continuous  and  whose  k-th  derivatives 
are  square  integrable  on  [a,b].  These  spaces  are  assumed  to  be  endowed 
with  the  usual  Inner  -  products  which  are  given  by 


<f.g\ 


b 

/ 


a 


D^f  D^g 


where  D  denotes  the  differentiation  operator.  For  a  function  f(x,t), 
f  Is  said  to  be  an  element  in  l2((0,T1,  H^^Ca.b)  )  If  the  mapping 
t  >  f(»,t)  is  a  square  Integrable  function  from  I0,T]  Into  H'^Ca.b). 

The  function  f  is  said  to  be  an  element  in  C^(lO,T] ,  H^(a,b))  if  the 
mapping  t  f(*,t)  is  an  1-times  continuously  differentiable  function 
from  tO,T]  into  H^^Ca.b). 

8.2  The  Identification  Problem  and  its  Abstract  Formulation 

Although  our  methods  are  applicable  to  a  wide  class  of  parameter 
estimation  problems  involving  hybrid  systems  describing  the  transverse 
vibration  of  flexible  beams  with  attached  tip  bodies,  for  ease  of 
exposition  we  outline  our  general  approach  for  the  simple  problem  of 
identifying  the  flexural  stiffness  El  and  linear  mass  density  p  for  a 
beam  of  length  I  clamped  at  one  end  and  cantilevered  at  the  other  with  a 
tip  mass  of  magnitude  m  (cf.  Fig.  8-1). 

Using  the  Euler-Bernoulll  theory  and  elementary  Newtonian 
mechanics  [Ref.  8-12]  we  obtain  the  following  coupled  system  of  ordinary 
and  partial  differential  equations  describing  the  deflection  of  the  beam: 


Pu^^(x,t)  .  -Elu^^^^(x,t)  +  f(x,t), 

mu^^d.t)  - 


X  e  (0,i),  t  >  0 

t  >  0 


(8-1) 

(8-2) 


where  f(x,t)  denotes  an  externally  applied  transverse  load  at  position  x 
at  time  t.  The  boundary  conditions  at  the  clamped  end  are 

u(0,t)  -  0  ,  u^(0,t)  -  0  ,  t  >  0  (8-3) 
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corresponding  Co  zero  displacement  and  zero  slope,  while  at  Che 
cantilevered  end  we  have 

u^(£,t)  -  0  ,  t  >  0  (8- 

whlch  corresponds  Co  a  zero  bending  moment.  The  Initial  conditions  are 
given  by 

u(x,0)  -  <Kx)  ,  u^(x,0)  -  i|»(x)  ,  X  e  [0,1]  (8- 

Let  y  f  Xj  e  [0,1],  1  -  1, *•*,«,  t^  e  I0,T], 

j  •  1,***,P  denote  displacement  measurements  taken  from  the  actual 
physical  system  and  let  Q  be  a  fixed  subset  of  R^.  We  formulate  Che 
Identification  problem  as  a  constrained  least  squares  fit  to  data: 

(ID)  Find  q»(qi,  q2)^  £  0  which  minimizes 
V  p  ^ 

J(q)  -  I  I  |u(x  ,t  ;  q)  -  u(x  ,t,)|^ 

1-1  j-1  '  ^  J  111 

subject  to  u(*,»;  q)  being  a  solution  to  Eqs.  (8-1)  through  (8-5)  with 
El  «  qi  and  p  ■  q2. 

The  Infinite  dimensionality  of  the  constraining  dynamical  system 
clearly  necessitates  the-  use  of  some  form  of  approximation  in  order  to 
solve  Che  above  optimization  problem.  Our  approach  centers  upon  the 
construction  of  an  (In  some  sense)  equivalent  abstract  operator 
formulation  for  the  system  Eqs.  (8-1)  through  (8-5).  Rewriting  Eqs. 
(8-1)  and  (8-2)  In  state  space  form  will  help  to  motivate  what  follows. 
Letting  Zj(t)  -  u^(l,t),  Z2(x,t)  -  u^(x,t)  and  Z2(x,t)  -  u^(x,t), 

Eqs.  (8-1)  and  (8-2)  yield 


3 

at 


3x 


liil 

3x' 


2  *2 


X  T 

with  u(x,t)  ■  /  /  2,(o,t)dodT. 

0  0  ^ 


We  require  the  following  three  assumptions : 


(Al)  There  exist  positive  constants  m2>  M2  such 

T 

that  q-Cq^qj)  e  0  implies  £  M^  and  ®2  —  **2  —  ^2* 

(A2)  The  specified  initial  conditions  ^  and  (I*  are  such  that 
♦  c  H2(0,i)  and  4*  c  h0(0,1). 

(A3)  The  function  f  is  an  element  in  l2([0»T],  H0(0»i)). 

For  each  q*(qi,q2)'^  e  Q,  let  Zq  be  the  Hilbert  space 
consisting  of  the  elements  in  the  space  Z  *  R  x  H^(0,t)  x  h0(0,£) 
together  with  the  inner  product  <*,*>q  given  by 

<(Wj.  Uj,  v^,  (W2,  u^,  ^^2^^ 


a  nWjWj  +  qj  <Uj,U2>q  +  qj  ^''i»^2^0 


mw 


t  t 

lW2  +  qi  /  UjU2+  qj/  v^v^ 


Define  the  operators  o/Cq):  2)  C  Zq 


Zq  by 


TN  A  % 


2^^  .\  „  _  „2/ 
v(0)  »  Dv(0)  “0,  o{t)  “  0,  w  ■  v(A)} 


®  ■  l(w,u,v)  e  Z^:  u  e  H^(0,A),  v  e  H  (0,A), 


^(q)(v( A),u,v)  -  (^Du(t),  D^v,  ^  D^u) 

o  ^2 


It  Is  easily  argued  that  the  operators  cjsf(q)  are  densely  defined, 
dissipative  (In  fact,  conservative)  and  skew-self-adjoint.  This  In  turn 
Implies  that  they  are  closed  and  maximal  dissipative.  Therefore  for  each 
q~(qi>q2)^  ^  Q>  operator  ot/(q)  Is  the  Infinitesimal  generator 
of  a  ^-semigroup  of  contractions  {s(t;  q) :  t  O}  on  Zq. 

For  each  t  0  and  each  q  e  Q  define  F(t;  q)  e  Zq  by 


F(t;  q)  ^  (0,  0,  ^  f(*,t)) 


(8-7) 


and  consider 


z(t;  q)  -  S(t;  q)2  +  /  S(t-T;  q)F(T;  q)dT 

^  0 


(8-8) 


where  zq  e  Z.  For  each  q  e  0  and  zq  e  z  the  function  z(»;  q)  given 
by  Eq.  (8-8)  Is  a  well  defined  continuous  mapping  of  the  non-negative 
real  numbers  Into  the  space  Z.  Moreover,  It  Is  a  mild  solution  [Ref. 
8-9]  to  the  abstract  evolution  equation  Initial  value  problem  In  z  given 
by 

z(t)  -  u/Cq)z(t)  +  F(t;  q) 


2(0) 


V* 


•. 


Under  the  additional  hypotheses  that  zq  *  ('KA)*  4*)  ^  31  and 

f  e  C^[0,T],  we  obtain  a  classical  solution  to  the  system 

Eqs.  (8-1)  through  (8-5)  via  the  equivalence 


*(t;  q)  ■  (u^(A.t;  q),  “^x^**^* 

where  once  again  u(*,*;  q)  denotes  the  solution  to  Eqs.  (8-1)  through 
(8-5)  corresponding  to  El  ■  qj,  and  P  -  q2. 

In  light  of  Eq.  (8-9)  and  our  remarks  above  we  define,  for  each 
X  e  [0,1]  and  each  z«(w,u,v)  c  Z,  the  bounded  operators  C(x):  Z  R  by 

X  T. 

C(x)z  •  /  /  u(o)dadT 

0  0 

and  rewrite  the  Identification  problem  (ID)  In  the  form  given  by: 

(ID)  Find  q  e  0  which  minimizes 

V  u  - 

J(q)  *11  C(x,  )z(t  ;  q)  -u(x.,t  )  (8-l( 

1-1  j-1  '  ^  J  1  J  I 

where  z(t;  q)  Is  given  by  Eq.  (8-8). 

In  the  next  section  we  use  this  abstract  formulation  of  our 
Identification  problem  to  construct  a  sequence  of  cubic  spline  based 
finite  dimensional  approximating  Identification  problems  which  are 
readily  solved  using  conventional  techniques  and  whose  solutions  can  be 
shown  to.  In  some  sense,  approximate  solutions  to  problem  (ID). 

8.3  The  Approximation  Schemes  and  Convergence  Results 

The  construction  of  our  sequence  of  approximating  Identification 
problems  Is  based  upon  the  replacement  In  Eq.  (8-10)  of  the  function 


z(*;  q)  having  Infinite  dimensional  range  In  Z  by  a  sequence  of 
approximating  functions  z^( * ;  q)  having  ranges  In  successively  higher 
but  finite  dimensional  cublc-spllne-based  subspaces  of  Z. 


Working  abstractly  at  first,  for  each  N  *  1,2,***  and  each  q  e  Q 

i| 

let  Z  be  a  finite  dimensional  subspace  of  Z  which  Is  contained  In 

N  N 

Let  P”  denote  the  orthogonal  projection  of  Z^  onto  Z^  with  respect  to  the 

<*,*>  Inner  product  given  by  Eq.  (8-6).  Using  the  standard  Galerkln 

q  M  N  N  NAN 

approach  we  define  the  linear  operators  (q):  Z  ♦  Z  by  (q)  ■  P  a/(q). 

N  *  *  Q  ^  ■  N  ^ 

The  finite  dimensionality  of  the  Z"  Implies  that  each  of  the  ^  (q) 

are  bounded  (although  not  necessarily  uniformly  In  N).  This  In  turn 

Implies  that  each  of  the  .V^(q)  generates  a  ^Q-semlgroup  of  bounded 

linear  operators  {S  (t;  q):  t  Oj  on  Z^.  Furthermore  the  fact  that  the 

operators  o«/(q)  are  conservative  with  respect  to  the  <*,*>q  Inner 
N 

product  and  the  P^  are  orthogonal  projections  yields 


.JAf  V  N  N.  .  N  N.  ✓  V  N  N.  ^ 

(q)z  ,  z  >  -  <P  a/(q)z  ,  z  >  ■  <.V(q)z  »  *  >_  ■  0 

MM  M  M 


for  each  z^  t  Z^  and  hence  that  the  semigroups  {s^(t;  q):  t  O}  are  In 
fact  contractions.  Defining  z^(t;  q)  by 


z**(t;  q)  -  s”(t;  q)P^  *0  ^  S**(t-T;  q)P^  F(T;q)dT 


(8-11) 


with  zq  -  (’l'(l),  t)  end  F(t;  q)  given  by  Eq.  (8-7),  we  formulate 

the  approximating  Identification  problems  as: 

(IDN)  Find  q  e  Q  which  minimizes 

j”(‘j)  “II  |c(x  )z”(t  ;  q)  -  u(x  ,t  )[^ 

1-1  j-1  '  ^  J  1  J  I 


.  -  -  •  •*  •• 


•V 


•-•***  •*“  •*“  •**‘*m'* 

•..'•V-*.'*  .■'■.•.I 
*\*‘»*.*“*-'»*,*0.*** 


»  •  ».  •  »  - 
•  .••'A* 

•  *  •  V  *.• 

•-*  A  A  . 


•  -•  «•  ••  . 
'  •**  *•  *•  *• 


*.•  V  *,•  *«•  *>•  *•*  ** 
•  ■'  «**  •“  —  ***• 

■ 


For  each  N  ■  let  {b^ denote  the  standard  cubic 

B-spllnes  on  the  interval  [0,£]  corresponding  to  the  partition 

•ff  »  I’  ***•  *1  ®‘'®  ^®‘'  1  ®"®  ^®jlj^l  ®®®o’^® 

the  modified  cubic  B-spllnes  which  satisfy  B^(i)  *  0,  j  ~  and 

Bj(0)  -  DBj(O)  ■  0,  respectively.  Then 


By(x)  -  bN(x)  ,  j  -  -l,***,N-2, 


-  Bn(*>  - 


bN(x)  -  bN(x)  -  4B^^.j(x) 


B^x)  -  bJJ(x)  -  2b”(x)  -2B_5'(x) 


Bj(x) 


bJ(x)  ,  j  -  2,‘»*,  W-1 


Define  S^<A**)  -  span  1Bj}j||[^J,  S^(a")  -  span  {®j  Ij,.”  . 
S®(A**)  -  span  {Bj}^J  and 


,N,  N+1  r3,  .N,  A 


:ni  N 


gN  s  {(v(i),  u,  v)  €  Z;  u  €  s3(A^),  v  e  S^(A^)} 

Since  S^(A^)  e  H^(0,i),  it  is  Immediately  clear  from  the  above 
definitions  that  C.  3)  for  all  N.  Let  Z^  be  the  Hilbert  space 

q 

comprised  of  the  space  Z  together  with  the  <*,*>^  inner  product. 


v**' •.> 


vXv/X 


.J 


Defining 


-  (0,  Bj,  0)  ,  J  -  -1,***,N 

-  (Bj(l),  0,  b“)  J  - 

it  is  easily  seen  that  Z**  «  span  {♦j}j  j  +  span 

Is  a  basis  for  and  hence  that  Z^  is  a 
(2IH'3)-diniensional  subspace  of  Z^. 

Using  the  standard  noriaal  equation  characterization  for  the 
orthogonal  projection  P^, 

« 

<P^Z  “  *»  *0  ,  Z  C  Z  ,  6  Z^ 

N  N  N 

the  vector  representation  t  for  z  «  p”z  with  respect  to  the  basis 
given  by  Eq.  (8-12)  where  z«(w,u,v)  can  be  computed  as 


with 


I 

0  J 


i.J  - 


mBj(l)B"(l)  + 


b“b** 

®1®J 


i,j  - 


1  -  -1,***,N 


mwB^( 1)  +  q«  /  vB?  ,  1  •  1 , • • • ,N+1 

i  ^0 


Using  the  normal  equations  Eq.  (S-H)  with  z>aa^q)z^  one  finds  that  the 
matrix  representation  A^(q)  for  the  operator  u/^(q)  is  given  by 


A”(q) 


K 


N 

q 


where 


0 

E 

q 

qJ 

0 
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with 


/  DBjDiJ 


1  -  -1,***,N  ,  j  - 


In  the  context  of  the  cublc-spllne  based  framework  described 
above,  the  approximating  Identification  problems  (IDN)  take  the  form: 

(IDN)  Find  q  e  0  which  minimizes 


subject  to 


5\t;  q) 


exp(A*^(q)t)5Q(q)  +  /  exp(A^(q)(t-T)  )-y**( 
0 


t;  q)dT  (8-14) 


where  the  expression  given  by  Eq.  (8-14)  is  the  vector  form  of  Eq,  (8-8) 

with  respect  to  the  basis  of  Eq.  (8-12);  q)  is  the  vector 

N  N 

representation  for  P^F(t;  q);  is  the  vector  representation  for 

?”(♦(!),  ♦);  and 


SJ(x) 


C(x)*J 


X  T. 

/  /  B  (<T)dodT  ,  j  -  N 

0  0^ 


Noting  that  Eq.  (8-14)  is  the  classical  variation  of  parameters  form  of 
the  solution  to  the  (2)H-3) -dimensional  linear  ordinary  differential 
equation  initial  value  problem 


r(t)  -  A"(q)C"(t)  +  r  (t;  q) 


c”(0)  -  cj(q) 


(8-15) 


(8-16) 


we  observe  that  the  finite  dimensionally  constrained  optimization  problem 
given  above  Is  one  which  can  be  solved  using  any  one  of  a  number  of 
standard  numerical  techniques  and  readily  available  software. 

We  now  briefly  outline  some  of  our  theoretical  convergence 
results.  We  first  note  that  using  standard  continuous  dependence  results 
for  ordinary  differential  equations  It  Is  not  difficult  to  argue  that  for 
each  N  •  1,2, fixed,  z^(t;  q)  depends  continuously  upon  q.  This  In 
turn  implies  that  J^(q)  depends  continuously  upon  q  and  hence,  since  Q 
was  assumed  to  be  compact,  that  each  of  the  approximating  Identification 
problems  (IDN)  admits  a  solution. 

Our  fundamental  convergence  results  are  summarized  In  the 
following  two  theorems. 

Theorem  8-1.  Let  jq**}  be  a  sequence  In  0  with  qN  q*  e  Q.  Then 


***(t;  q**)  +  z(t;  q*)  In  Z 


for  each  t  >  0  where  z(t;  q)  and  z^(t;  q)  are  given  by  Eqs.  (8-8)  and 
(8-11),  respectively. 

Theorem  8-2.  Let  q^  be  a  solution  to  the  N-th  approximating  Identifi¬ 
cation  problem  (IDN).  Then  the  sequence  {q^}  admits  a  convergent  sub- 
,-Nk,  -Nk  _ 

sequence  (q  ;  with  q  ■^qeQask-*’**.  Moreover,  q  Is  a  solution  tc 
the  original  identification  problem  (ID). 


Proof.  Theorem  8-2  is  easily  proven  using  Theorem  8-1.  Indeed,  the 
existence  of  for  each  N  Is  easily  Inferred  from  our  earlier  remarks. 

f-Nk, 

The  existence  of  J  and  q  is  a  direct  consequence  of  Q  being  a  compact 

2  "N 

subset  of  R  .  Using  Theorem  8-1  and  the  fact  that  q  Is  a  solution  to 

the  If-th  approximating  Identification  problem,  we  have  for  any  q  e  Q: 

J(q)  -  lim  J  ^(q  )  <  11m  J  “^(q)  -  J(q) 

k-*“  k-*" 


and  the  result  follows. 

Using  the  triangle  Inequality,  the  Lebesgue  dominated  convergence 
theorem,  and  the  fact  that  IS^(t;  q)lq  j<  1,  t  0,  q  e  0,  Theorem  8-1 
follows  easily  once  we  have  argued  that  the  following  two  propositions 
hold. 


Proposition  8-3.  P^  •••  I  strongly  in  Z^,  uniformly  In  q,  for  q  e  Q. 

N  * 

Proposition  8-4.  If  q  ♦  q  as  N  ♦  “  then 

for  each  z  e  Z,  uniformly  In  t,  for  t  In  compact  subsets  of  [O,*). 

Proof  of  Propositions.  For  z“(w,u,v)  e  Z,  let  P**„z  "  (v**()l),  u^,  v^). 

qN 

Using  standard  error  estimates  for  Interpolatory  splines  [Ref.  8-11, 
Theorem  4.6]  and  the  Schmidt  Inequality  [Ref.  8-11,  Theorem  1.5]  It  can 
be  shown  that  If  z  e  *  {z  e  u,v  e  H^(0,1)}  then 

u”  u,  v”  ♦  V  in  H^(0,)l)  (8-17) 

N 

Proposition  8-3  then  follows  from  the  facts  that  the  are  uniformly 
bounded  (being  orthogonal  projections)  and  that  S)'  Is  uniformly  dense  In 
Zq  with  respect  to  q  e  Q. 
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Proposition  8-4  Is  proven  with  the  aid  of  the  following  version  of 
a  well  known  approximation  result  from  the  theory  of  semigroups  known  as 
the  Trotter-Kato  theorem  [Refs.  8-6,  8-9 J. 

Theorem  8-5.  Let  {b,I«I}  and  n  -  1,2, •••  be  Banach  spaces 

and  let  n**;  B  +  B**  be  bounded  linear  operators.  Assume  further  that 
T(t)  and  T^(t)  are  linear  ^-semigroups  on  B  and  B^  irf.th  infini¬ 
tesimal  generators  A  and  A^  respectively.  If 

(1)  11m  in^zl  -  Izl,  z  e  B  ; 

M-x*  " 

(11)  there  exist  constants  M,  u  independent  of  N  such  that 
IT^(t)«„  <  Me*^  for  t  >  0  ; 

(ill)  there  exists  a  set  D  C  B  such  that  D  C  Dom(A),  D  •  B 

and  UXq'  -  'A)b  ■  B  for  some  >  0  and  for  which  for  all 

z  e  D  we  have  lim  lA^II^z  -  II*^Azl  ■  0  ; 

N-x* 

then  11m  IT^(t)n^z  -  Il**^T(t)zl  -  0  for  all  z  e  B  uniformly  in  t  on 
N-*« 

compact  subsets  of  [O,*). 

Making  the  Identifications  B  ■  Zq*,  B**  -  ^qN  *  *  ^qN* 

T(t)  -  S(t;  q*),  TN(t)  ■  SN(t;  qN) ,  A  -  .«/(q*),  and 
A^  «M/N(qN),  Proposition  8-4  will  clearly  follow  If  we  can 
demonstrate  that  hypotheses  (1)  through  (111)  hold. 

Now  (1)  Is  a  direct  consequence  of  Proposition  8-3,  while  the  fact 
that  {s(t;  q*):  t  O}  and  {s^Ct;  q^):  t  O}  are  both  contraction 
semigroups  Implies  that  (11)  holds  with  M  -  1  and  u  <■  0.  Choosing 


D  ■  DoiB(a/(q*)2),  we  have  that  0  C  Zq*,  D  •«  Dom(u/(q*)2)  CT 
Dom(a/(q*))  ■  2)  and  (X^-  (q*) JD  -  ■  Z  .  for  all  >  0. 


Linear  semigroup  theory  [Ref.  8-9]  Implies  that  Dom(a/(q*)*^)  Is 

k-1 


dense  in  Z  *  and  hence  that  D  ■  Donf.,^(q*)^  1  »  Z  Finally,  noting  that 

q  V  y  q« 

that  DCs?’, 


<  |•</(<l“)p’'„  ^  -•V(<,*)2| 


<  luc")  -  a/(,*))p"  »|  »  +  |^(l*)<p"„  -  I)^  „ 


and  recalling  the  definition  of  .^(q),  the  convergence  in 
Eq.  (8-17),  and  the  fact  that  q^  +  q*  as  N  ♦  we  have  that  the  last 
two  terms  In  the  inequality  above  tend  toward  zero  as  N  and  hence 
that  (111)  obtains  and  the  result  Is  proven. 


8.4  A  Numerical  Example 

We  applied  our  method  to  the  problem  of  estimating  the  flexural 
stiffness  El  and  linear  mass  density  p  of  a  beam  of  length  1-1  clamped 
at  one  end  and  cantilevered  at  the  other  end  with  an  attached  tip  mass  of 
magnitude  1.5  .  The  system  was  assumed  to  be  initially  at  rest  and  then 
excited  by  an  Impulse  at  position  x  «  1  at  time  t  -  0.  We  approximated 
the  impulse  input  by 


We  solved  Che  resulting  approximating  Identification  problems  (IDN)  using 
the  IMSL  [Ref.  8-5]  routine  ZXSSQ.  This  routine  Is  an  Iterative 
Levenberg-Marquardt  Newton 's-method/steepest-descent  hybrid  algorithm 
[Refs.  8-7,  8-8).  The  necessary  gradients  and  entries  In  the  Jacobian 
matrix  are  computed  numerically  using  finite  difference  approximations 
and  a  rank  one  update  to  minimize  Che  number  of  function  calls  to 
evaluate  J  required  In  each  Iteration.  The  method  requires  that  Initial 
start-up  values  for  El  and  p  be  provided. 

The  evaluation  of  J  necessitates  the  Integration  of  the  Initial 
value  problem  Eqs.  (8-15)  and  (8-16).  This  Is  accomplished  using  the 
IMSL  routine  DOEAR,  a  variable  order  Adams  Predictor  Corrector  Method 
[Ref.  (8-4]. 

Choosing  El  ■  1.0  and  p  «  3.0,  observations  u(Xj^,tj)  were  gener¬ 
ated  by  solving  the  system  Eqs.  (8-1)  through  (8-5)  using  a  Galerktn 
method  and  Che  system's  first  three  natural  mode  shapes.  We  specified 
data  at  X  -  0.5,  0.625,  0.75,  0.875,  1.0  and  t  -  (0.2)1,  1  -  1,2, •••,10. 
Our  results  are  summarized  In  Table  8-1. 


Table  8-1.  Convergence  of  approximations  for  beam  example. 


Start-up  Values:  Elg  ■  0.7,  Pq  ••  2.7 


Ei»» 

-N 

P 

jN 

0.99763 

3.02617 

0.39  X  10‘^ 

0.99938 

3.03821 

0.46  X  lO"^ 

0.995101 

3.05439 

0.48  X  lO"^ 

0.996111 

3.04091 

0.40  X  lO"^ 

0.99946 

2.99761 

0.35  X  lO"^ 

8.5  Concluding  Remarks 

Although  we  have  only  discussed  the  application  of  our  methods  to 
a  simple  problem  Involving  a  cantilevered  beam  with  an  attached  tip  mass, 
It  Is  In  fact  the  case  that  our  general  approach  is  applicable  to  rather 
broad  classes  of  problems.  Some  of  the  possible  extensions  to  the 
results  presented  here  Include: 

a.  The  Inclusion  of  terms  which  model  damping  effects  Into  the 
dynamical  equations  [Ref.  8-1]; 

b.  Attached  tip  body  or  bodies  having  nonzero  moments  of  Inertia 
and  mass  center  offsets; 

c.  Articulated  structures; 

d.  The  estimation  of  other  parameters  In  addition  to  the 
'  flexural  stiffness  and  mass  density  of  the  beam.  For 

example,  the  Identification  of  the  rigid  body  mass  properties 
of  the  tip  body,  damping  parameters,  and  parameters  which 
appear  In  the  Initial  conditions  and  the  externally  applied 
loads ; 

e.  The  Inclusion  of  effects  due  to  axially  directed  loading;  and 

f.  The  use  of  more  sophisticated  models  for  the  transverse 
vibration  of  the  beam  (e.g.  the  Timoshenko  theory 
[Ref.  8-2J). 


We  are  currently  Investigating  another  cubic  spline  based 
numerical  approximation  method  for  the  Identification  problems  discussed 
above.  This  method  Involves  the  use  of  an  appropriate  energy  Inner 
product  and  standard  Galerkln  approach  applied  directly  to  the  ordinary 
and  partial  differential  equations  which  describe  the  dynamics  of  the 
system.  It  has  the  potential  to  offer  a  significant  Improvement  In 
computational  efficiency  over  the  schemes  which  were  discussed  here. 
Theoretical  convergence  results  and  our  numerical  findings  will  be 
discussed  In  a  future  report. 
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1  MISSION 

}  of 

^  Rcme  Air  Development  Center 

S  KAOC  p£aitA  And  exzcatu  AueoAch.,  deveZopment,  tut  and 
•  ietzctad  acqtuAttion  pfLogaam  in  6uppoAt  oi  Command,  ContiioZ 
^  Conmmccationi  and  IntiZtLganca  IC^I)  actcoZtcu.  TtchniaaZ 

2  and  &ngZme/Ung  -iuppoAt  uiWUn  o/ieoA  tzchnccaZ  competence 
s  -tA  pfLovidid  to  BSD  PitogAom  C^^Zcu  (POa)  and  otheA  ESV 

5  etementA.  The  pAincipiai  technicaZ  mutton  oAeoA  aA& 

^  communicatconi,  eZect'iomagmtic  guZdanca  and  contAoZ,  6uA" 

5  veZZZancz  o^  ground  and  aeAOApacz  objects,  inteZZZgence  data 
»  coZZection  and  handling,  in^onmation  system  technology, 
ionospheAic  propagation,  solid  state  sciencu,  microuxive 
2  physiu  and  elejctronic  reliability,  maintainability  and 
S  compatibility. 
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